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Preface 



Popular interest in recreational mathematics would seem to he at an all-time 
high. The last few decades have witnessed the appearance of literally scores of 
books and hundreds of articles — eloquent testimony to the wide appeal of 
mathematical games and puzzles, tricks, pastimes, amusements, brainteasers. 
and paradoxes. In addition to this embarrassment of riches there is to be 
noted a shift in emphasis in recent years. Whereas formerly much attention 
was given to numerical curiosities, magic squares, the fourth dimension, 
tangrams, dissections, angle trisection and circle squaring, contemporary 
writers tend to devote more attention to such matters as acrostics, alphametics. 
colored cubes, combinatorics, electronic computers (primes, chess playing, 
etc.), Hexahedrons, game strategy, inferential and logic problems, modular 
arithmetic, networks and graphs, packing problems, tessellations, polyominoes, 
probability (queuing, etc.), scales of notation, the Soma cube, topological 
recreations. 

In this connection one should mention some of the outstanding leaders in 
the field. The close of the nineteenth century and the early decades of the 
present century saw the work of W. Ahrens. W. W. Rouse Ball, Lewis Carroll. 
Henry Dudeney, F. Fitting, E. Fourrey, J. Ghersi, Bruno Kerst, W. Lietzmann, 
Sam Loyd, E. Lucas, L. Mittenzwey, Hubert Phillips, and Hermann Schubert. 
In more recent years the roster of notable contributors would include, among 
others, the following: A. R. Amir-Moez, Irving Adler, Leon Bankoff, Stephen 
Barr, L. G. Brandes, Maxey Brooke, Mannis Charosh, John Conway, Martyn 
Cundy, A. P. Domoryad, Martin Gardner, Michael Goldberg, Solomon Golomb. 
Philip Heaford, Piet Hein, J. A. H. Hunter, Murray Klamkin, Boris Kordem- 
sky, Sidney Kravitz, Harry Lindgren, Joseph Madachy, Karl Menninger, Leo 
Moser, T. H. O’Beirne, C. Stanley Ogilvy, the late Hans Rademacher, Howard 
Saar, Sidney Sackson, Fred Schuh, Hugo Steinhaus, Otto Toeplitz, Charles W. 
Trigg, and William Tutte. 

Some indication of the deep interest in recreational mathematics evinced by 
teachers is the fact that since this bibliography first appeared some fifteen 
years ago it has passed through three editions and seven printings. Meanwhile, 
the literature has become so extensive that it was felt a second volume would 
prove more serviceable than a revision of the original monograph. Thus the 
present monograph, volume 2, not only brings the literature up to date but also 
fills in many gaps and omissions. It contains none of the earlier material except 
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PREFACE 



the supplementary periodical references, which occupied the last eight pages 
of the third edition. These references have been incorporated in the new 
classification in the present volume. 

The organization of the contents of volume 2 is such that the major topics 
parallel the original classification fairly closely, making it relatively easy to 
consult both volumes on a given topic. There are several innovations which it 
is hoped will materially increase the usefulness of the 'monograph. To begin 
with, the number of subheadings has been more than doubled— and this should 
help the reader to track down a particular subject or special type of recrea- 
tion. Secondly, in addition to periodical references, many references to “spe- 
cialized” books are now included— books dealing solely with a single topic, 
such as mazes, or dissections, or tangrams. or inferential problems. Finally, 
llieie aie now included also many references to specific topics in important 
general works on recreational mathematics, such as books by Ball. Domoryad. 
Gardner, Madachy, O’Beirne, Schuh, and others. 

As in the case of volume 1, the classification of mathematical recreations is at 
best an arbitrary affair, reflecting the bibliographer’s personal judgment. I 
have again endeavored to make the coverage sufficiently comprehensive to 
include comparatively simple as well as highly sophisticated material— topics 
usually thought of as mathematical puzzles and pastimes as well as certain 
fringe topics such as mathematical humor, mathematics in sports, mathematics 
in art, literature, and music, and mathematics in nature. In this way it is 
hoped to reach a wide spectrum of readers: students, teachers, laymen, 
amateurs, and professional mathematicians. 

I take this opportunity to acknowledge my indebtedness over the past years 
to many friends and colleagues, including, among others, Professor H. S. M. 
Coxeter, Mr. J. A. H. Hunter, Mr. Joseph S. Madachy. and Professor Adrian 
Struyk. I am indebted also to Mr. Leon Bankoff for data on the arbelos and 
other geometric recreations; to Maxey Brooke for help in connection with 
magic squares. Mobius bands, and other topological ideas; to Professor R. L. 
Morton in connection with perfect numbers and amicable numbers; to Mr" 
Charles W. Trigg for assistance with linkages, packing problems, and’ tessella- 
tions. My greatest debt is to Martin Gardner, not only for specific help, but 
for encouragement and inspiration. I am grateful also to the several publishers 
from whose works brief excerpts have been quoted; to the National Council of 
leachers of Mathematics for their generous cooperation; and to my wife for 
her infinite patience in many ways. 



William L. Schaaf 

Boca Raton, Florida 
September 1969 
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"Have you guessed the riddle yet?" the Hatter 
said , turning to Alice again . 

"No, I give it up," Alice replied. "What's the 
answer?" 

"I haven't the slightest idea," said the Hatter. 

"Nor I," said the March Hare. 

Alice sighed wearily. "I think you might do 
something better with the time," she said, "than 
wasting it in asking riddles that have no answers." 

LEWIS CARROLL 
Alice's Adventures in Wonderland ( 1865 ) 
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1.1 The Abacus 

Though not ordinarily thought of as a mathematical “recreation,” use of 
the abacus has considerable recreational value. Moreover, since contem- 
porary school mathematics has given increased emphasis to numeration 
systems and number bases, familiarity with the abacus has acquired a new 
significance. Common forms of the abacus include the Chinese suan-pan, the 
Japanese soroban, and the Russian scholy. Competitive contests from time 
to time between experienced desk-calculator operators and skilled users of 
the abacus generally evoke much interest, particularly as the abacus often 
comes off very creditably. 

Flewelling, R. W. Abacus and our ancestors. A.T. 7:104-6; Feb. 1960. 

Japan Chamber of Commerce and Industry. Soroban, the Japanese Abacus: Its 
Use and Practice. Rutland, Vt. : Charles E. Tuttle Co., 1967. 96 pp. 

Kojima, Takashi. Advanced Abacus: Japanese Theory and Practice. Rutland, 
Vt.: Charles E. Tuttle Co., 1964. 159 pp. 

A sequel to the author’s The Japanese Abacus: Its Use and Theory. 

Li, S. T. Origin and development of the Chinese abacus. Journal, Association of 
Computing Machinery 6:102-10; 1959. 

Yoshino, Y. The Japanese Abacus Explained. (Introd. by Martin Gardner.) 2d 
ed. New York: Dover Publications, 1963. 240 pp. 

1.2 Acrostics; Crossword Puzzles 

Acrostics, anagrams, and crossword puzzles are so familiar that no ex- 
planation would seem called for except to point out that they frequently 
appear with mathematical words, phrases, or sentences. A palindrome is a 
word, a phrase, a sentence, or a number which reads the same from right to 
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left as fiom left to right. Perhaps the most widely known palindron 
sentence is “able was i ere i saw Elba.” ‘ 



rliC 



Anne Agnes von Steiger, Sister. A Christinas puzzle. M.T. 60:848-49; Dee. 1967. 
A geometry-oriented dot-joining picture puzzle. 

Aiming, Norman. Fun with palindromes. Scrip. M. 22:227; 1956. 

Bishop, David. A mathematical diversion. M.T. 58:527; Oct. 1965. 

Similar to a crossword puzzle. 

Dejong, L. Mathematics crossword. S.S.M. 62:45-46; Jan. 1962. 

Eck t. t ; N^m rd er0UPS Wi,h Struct,, re. Ford Fays. vol. 1 . 

I-nend^J; Newton. Numbers: Fan and Fads. New York: Charles Scribner's Sons, 
Palindromes: chap. 8 . pp. 101 - 10 . 

Gardner, Martin. Dr. Matrix: A talk on acrostics. ScLAm. 216:118-23; Jan 1967 
Cardner, Martin. Double acrostics. ScU,„. 217:268-76; Sept. 1967 

” a ' IS; Ma^m. C ° l,en ' 1 A ' AMe ’ ras 1 1 «* Elba. AmMMo. 

26?| Mar.’l968. Slr ° IS ' Barbara ' In ,lle "a™ of geometry. M.T. 61:264-65; 

JOne Dec L T967" CC E ' Ch " s '™^Py New Year. S.S.M. 67:766-71; 

Knox, R. A. A Booh of Acrostics. London, 1924. 136 pp. 

Preface includes history and origin of acrostic puzzles. 

Landau, Remy. Permutacrostic. Rec.M.M., no. 11 , p . i 0; Oct. 1962. 

Lmdon, J. A. Word cubes and 4-D hypercubes. Rec.M.M., n0 . 5. pp . 44 . 49 . 0c , 

Linden, J. A. Word shifts. Rec.M.M„ no. 12 , pp. 33-40; Dec. 1962. 

Moskownz, Sheila. Mathematics crossword puzzle. S.S.M. 65:3-11; Jan. 1965. 
Nichols, Thomas. Intersection and union word puzzle. M.T. 58:28-29; Jan. 1965. 
Nygaard, P. H. Can you solve a dictoform? S.S.M. 49:6-8: 1949. 

Purdy, C. R. Crossword puzzle on percentage. M.T. 33:135; Mar. 1940. 

W ° rd * Card '- 60:359, 380; Apr. 1967; 

Tn8 Dec h 1962. W ' A 1,0l, ' day mCSSage in a perrlutacr ostic. S.S.M. 62:687, 693: 
Trigg^ Charles W. Holiday greeting permutacrostic. Rcc.M.M., no. 6 , p. 26; Dec. 
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Trigg, Charles W. A holida> jiermutacrostic. S.S.M. 66:704; Nov. 1966. 

Irigg* Charles W. Mathematical word rebuses. Rec.M.M., no. 10 pp 16-17- 
Aug. 1962. ’ ' ’ 

*^ r *£g^ Charles W. Mathematical permutacrostic. Rec.M.M., no. 3, p. 22; June 
Trigg, Charles W. Palindromes by addition. ‘M.Mag. 40:26-28; Jan. 1967. 

1.3 Algebraic Puzzles and Pastimes 

“A puzzle will mean any problem whose method of solution is not— we 
will hope— immediate or obvious: and a paradox will mean something whose 
truth and explanation can ordinarily be established only in the face of some 
initial sales resistance.”— T. H. O’Beirne, Puzzles and Paradoxes. 

Allard, J. Note on squares and cubes. M.Mag. 37:210-14; 1964. 

El-Milick-type equations and curves. 

Collins, K. S. Algebra from a cube. Math.Tchg., no. 46, pp. 58-62; Spring 1969. 

Dunn, Angela. Mathematical Bafflers. New York: McGraw-Hill Book Co. 1964. 
217 pp. 

Haga, Enoch. Square-off at squares and cubes. SJS.M. 60:122-26; 1960. 

Shortcuts to determine squares and cubes, square roots and cube roots. 

Jorgenson, Paul S. Fun with graphs. M.T. 50:524-25; 1957. 

Graphing exercises which result in pictures. 

Larsen, Harold, and Saar, Howard. One little, two little .... Rec MM no 8 
pp. 37-39; Apr. 1962. ' ' " ’ 

Take-off on verbal problems in the mathematics classroom. 

Matthews, Geoffrey. The inequality of the arithmetic and geometric means. 
Scrip. M. 22:233; 1956. 

Ogilvy, C. Stanley. Geometric algebra. Rec.M.M., no. 3, pp. 37-39; June 1961. 

1.4 Alphametics and Cryptarithms 

A cryptarithm is a mathematical problem calling for addition, subtraction, 
multiplication, or division in which the digits have been replaced by letters 
of the alphabet or some other symbols. Alphametics, a term invented by 
J. A. H. Hunter, refers specifically to those cryptarithms in which the com- 
binations of letters make sense. One of the oldest and probably best known 
of all alphametics is the celebrated 

SEND 

MORE 

MONEY 
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Alpliametics. Rcc.M.M., 10 , H; Aug. 1962. 

Dudeney s classic alpliametics. 

AUS Au tu A „ 1 „ K 19« Vitl1 “ daSl ’ ° f 36. pp. 28-30; 

A note on cryptari thins. 

Brooke, Alaxey. A Christmas cryptarithm. M.Mag. 41:160-61; May 1968. 
r °t963 M 7“pp.^p^“ in New York: Dover Publications, 

Demtr, Huseyin. A memorial cryptaritbm. M.Mag. 38:242; Sept. 1965. 
em 37:35Vs5 d ; ^ S,ster Mary ' A eonditional alphametic. [No. 544], M.Mag. 

"“"ISM 1 A ' A " alpl ' an,C,iC - and anolller alphametic. J.R.M. 1:35-36; Jan. 

Hunter, J. A. H. Alpliametics. J.R.M. 1:45-48; Jan. 1968. 

Konnauser, J. D. E. Crypta-equivalence. MMag. 39:248-49; Sept. 1966. 

no. 2, pp'^9-16; 1 Apr! l°96L ^ mu,tiplicalion ^ alpliametics. Rec.M.M., 
Kravitz, Sidney. Some novel cryptarithms. J.R.M. 1:237; Oct. 1968. 

.Kravitz, Sidney, et al. The whispered clue. M.Mag. 41:43-44; Jan. 1968. 

A cryptarithm with an unusual twist. 

Madachy, Joseph. Mathematics on Vacation. New York: Charles Scribner’s Sor.s, 
“Alpliametics,” pp. 178-200. 

Problem #179. (Janes, Lebbert, and Simmons,. Pentagon 24:104; Spring 1965. 
osen e , Azrtel. Problem E1681 (Cryptarithm). Am.M.Mo. 71:429- 1964 

T r a fc :r aiphame,ics - rkmm - n °- io ’ pp- 8 - io ’’ a “s- iw2. 

gg.Char.es W. A vexatious cryptarithm. MMag. 39:307-8; Nov. 1966 . 

Discussion of ^Voxin^ = Math ” nnri * 

Oon of puzzle problems. * 'mpact of computers on the solu- 

Trigg, Charles W. “Crystal” alphametic. (#551). M.Mag. 37:196; May 1964. 



L5 Calendar Problems 

d.tton, interesting s.deltghts appear, such as the mathematical basis (or 



o 

ERIC 



ALGEBRAIC AND ARITHMETICAL RECREATIONS 



5 



the assertion that the thirteenth day of the month is more likely to be a 
Friday than to be any other day of the week. 

Allen. Richard K. Four thousand years of Easter. Rec.M.M., no. 11, pp. 9-10; 
Oct. 1962. 

Bailey, William T. Friday-the-thirteenth. M.T. 62:363-64; May 1969. 

Bakst. Aaron. Mathematical Puzzles and Pastimes. D. Van Nostrand Co., 1965. 

206 pp. 

Chapter 8, “Harnessing Father Time,'’ deals with the perpetual calendar 
and similar problems. 

A Calendar Square Trick. Pentagon 18:49-50; Fall 1958. 

Case. John j. Seasoning for the calendar. Science 122:648; October 7, 1955. 

Ionides, S. A., and Ionides, M. L. One Day Telleth Another. London: Arnold, 
1939. 

Kessler, Donald. How to use the perpetual calendar. M.T. 52:555-56; Nov. 1959. 

Kravitz. Sidney. The Christian, Mohammedan and Jewish calendars. Rec.M.M., 
no. 4, pp. 22-25; Aug. 1961. 

Leo, Reverend Brother. A mental calendar. M.T. 50:438-39; 1957. 

Lucas, Edouard. Recreations Malhematiqucs. vol. 4. Paris, 1891. 

Le calendrier perpetuel et le calcul automatique des residues, pp. 3-20. 

Morton, R. L. The calendar and modular arithmetic. Mathematics Student Jour- 
nal. vol. 9, no. 4, pp. 1-3; May 1962. 

O’Beirne, T. H. Puzzles and Paradoxes. New York: Oxford University Press, 1965. 
238 pp. 

Chapter 10: “Ten Divisions Lead to Easter,” pp. 168-84. 

Oliver, S. Ron. Note on a calendar problem. Pentagon 28:49-50; Fall 1968. 
Perpetual calendar. M.T. 45:554; Nov. 1952. 

Primrose, E. J. F. The mathematics of Easter. M.Gaz. 35:225-27; 1951. 

Simon, William. Mathematical Magic. Charles Scribner’s Sons, .1964. 

Calendar Magic: pp. 60-80. 

Smiley. M. F. When is Easter? M.T. 50:310; Apr. 1957. 

Strader, W. W. Five Little Stories. Washington, D.C.: NCTM, 1960. 16 pp 
(Paper) 

An unbelievable month ol" September. 

Thornton, Glenn W. The calendar. Pentagon 17:10-15; 1957. 

To Find Easter “for ever.” Nature, vol. 13, no. 338, p. 485; Apr. 20, 1876. 

Walker, George W. On the rule for leap year. Science 123:25; Jan. 6, 1956. 
Wylie, C. C. On the rule for leap year. Science, vol. 123; Jan. 16, 1956. 
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6 RECREATIONAL MATHEMATICS 

1.6 Continued Fractions 

Continued fractions were of considerable interest to seventeenth- and 
eighteenth-century mathematicians. Contemporary mathematicians are even , 

more concerned with continued fractions, particularly in connection with the 
theory of numbers. Many aspects of mathematics involve or are related to 
continued fractions, among them the expansion of both rational and irrational 
numbers, the expansions of ir and e, the expansion of logarithmic and trigo- 
nometric series, and the solution of Diophantine equations. 1 

Chrystal, G. Algebra, vol. 2. Edinburgh, 1889; New York: Chelsea Publishing i * 

Co., 1959. & ! 

Continued fractions: chapters 32, 34. ' 

Davenport, H. The Higher Arithmetic. London: Hutchinson’s University Library j 

1952; New York: Harper & Row, Torchbooks, 1960. 

Continued fractions, pp. 79-114. } 

Davis, C. S. Journal, London Mathematical Society 20:194-98; 1945. j 

Proofs for continued fractions for e, etc. > 

Hardy, G. H., and Wright, E. M. The Theory of Numbers. 3d ed. Oxford 1954 
Chapter 10. 

Niven. Ivan. Irrational Numbers. Carus Mathematical Monographs, no. 11. New 
York: Mathematical Association of America and John Wiley & Sons, 1956. 

Continued fractions: pp. 51-67. 

Olds, C. D. Continued Fractions. New Mathematical Library. New York: Random 
House, L. W. Singer Co., 1963. 162 pp. (Paper) 

Perron, Oskar. Die Lehre von den Kettenbriichen. Leipzig and Berlin" Teubner. 

* 7L7* 

*» 

Wall, H. S. Analytic Theory of Continued Fractions. Princeton, N.J . • D Van 
Nostrand Co., 1948. ‘ ' 

1.7 Cross-Number Puzzles 

Cross-number puzzles, analagous to crossword puzzles, have enjoyed con- 
siderable popularity in recent years, not only as a diversion from routine 

schoolwork, but also, in the earlier grades, both as motivation and as a device 
for practice. 

Alfred, Brother. Cross number puzzle. Rec.M.M., no. 4, p. \\3; Aug. 1961. 

Bishop, David C. A mathematical diversion. A.T. 12:430: Oct. 1965. 

Borgmann D. A. A numerical analogue to the word square. Journal of Recrea- 
tional Linguistics, vol. 1, no. 1 ; 1968. : 
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Brandes, Louis G. A Collection of Cross-Number Puzzles. Portland, Me.: J. 
Weston Walch; n.d., unpaged. 

More than one hundred puzzles. 

Brandes, L. G., and Dickey, D. Why not use cross-number puzzles as a teaching 
aid with your general mathematics classes? S.S.M. 57:647-54; 1957. 
Bibliography, 26 references. 

Coble, John, and Jones, T. Charles. Cross number puzzle. J.R.M. 1:106-7; Apr. 
1968. 

Cross-number Puzzle. Rec.MM., no. 10, p. 44; Aug. 1962. 

Cross-number Puzzles. Malh.Tchg., no. 38, p. 45; Spring 1967. 

Enyeart, Ronald. Magic cross-number puzzle. Rec.MM., no. 9, p. 11; June 1962. 

Gross, F. Cross-number. Math.Tchg., no. 46, p. 71; Spring 1969. 

Hunter, J. A. H. Cross number puzzle. Rec.MM., no. 3, p. 40; June 1961. 

Moskowitz, Sheila. The crossnumber puzzle solves a teaching problem. M.T. 
62:200-204; Mar. 1969. 

Penney, Walter. Cross-number puzzle. Rec.M.M., no. 7, p. 12; Feb. 1962. 

U. Clid. Cross-number puzzle. RecM.M., no. 5, p. 18; Oct. 1961. 

Willerding, Margaret. Cross-number puzzles. A.T. 4:221, 223, 226; Nov. 1957. 

Willerding, Margaret. Roman numbers puzzle. School Activities, Feb. 1956 
p. 183. 

Winick, D. F. Arithmecode puzzle. A.T. 15:178-79; Feb. 1968. 

Similar to a cross-number puzzle. 



1.8 Fallacies — Illegal Operations — Paradoxes 

Arithmetic and algebraic fallacies and paradoxes are explained by misuse 
of division by zero, incorrect handling of an inequality, ambiguous extraction 
of a square root, and the like. Among amusing fallacies are “illegal opera- 
tions,” or “making the right mistake”; e.g., ^ = ; 0 r 2 :! -}- l 3 = 

64 p4 4 • 



6 -f- 3 = 9; or 



2666 2000 ? 
6665 “ 0005 ~ l 



Anning, Norman. Irregular operations. Los Angeles Mathematics Netvsletter , 
vol. 3, no. 2, p. 1; Jan. 1956. 

Bradis, V. M.; Minkovskii, V. L.; and Kharcheva, A. K. Lapses in Mathematical 
Reasoning. New York: Pergamon Press. 1963. 201 pp. (Paper) 

An interesting collection of over eighty specific examples of false reasoning 
and paradoxes in arithmetic, algebra, geometry, and trigonometry. 
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Gardner, Martin. Mathematical games: A collection of tantalizing fallacies 
Sci.Am. 198:92 ff. ; Jan. 1958. 

Irregular operations in mathematics. Los Angeles Mathematics Newsletter, vol 3 
no. 1, p. 5; Nov. .1955. ' ’ 

Kempner, A. J. Paradoxes and Common Sense. Princeton, N.J.: D. Van Nostrand 
Co., 1959. 22 pp. (Pamphlet) . 

Lietzmann, W. W o steckt dor F chler? Leipzig: Teubner, 1950. 

False conclusions, paradoxes, and “illegal operations” in arithmetic, alge- 
bra, geometry, trigonometry, analytic geometry, and logic, pp. 65-116. 

Maxwell, E. A. Fallacies in Mathematics. New York: Cambridge University 
Press, 1959. 95 pp. 

Interesting fallacies in geometry, algebra, and calculus, together with their 
explanations. 

Schwartz, B. L. A new proof that 2 = 1. J.R.M. 2:25-28; Jan. 1969. 

Involves simple use of the calculus. 

Seuss, Dr., and Geisel, Theodore Seuss. Pocket Book of Boners. New York- Pocket 
Books, 1931. 



Thomas, Fred B. 
Wilansky, Albert. 



A dialogue on ^ =-- -. M.T 
po 5 

An induction fallacy. M.Mag. 



60:20-23; Jan. 1967. 
39:305; Nov. 1966. 



“Proof” that all non-negative integers are either zero or odd. 



1 .9 Fa ray Sequences 

If all the proper fractions (written in lowest terms) having denominators 
not greater than a given number are arranged in order of magnitude, then 
each fraction in the sequence is equal to the fraction whose numerator is the 
sum of the two numerators on either side of it, and whose denominator is the 
sum of the corresponding denominators. Such a sequence is called a Farey 
sequence. For example: if we choose n = 3, we have 



F 



3 * 



For F 4 : 



0 112 1 

V 3’ 2 ’ 3’ r 

0 1112 3 1 
1’ 4’ 3’ 2’ 3’ 4’ 1* 



Faiey sequences have many interesting properties. Thus if y and 4 are anv 
, . . „ b d } 

two consecutive terms m a Farey sequence, then be — ad == 1, 

Beiler, Albert H. Recreations in the Theory of Numbers. New York: Dover Pub- 
lications, 1964. 

“Farey Tails,” pp. 168-72. 
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Blake, Jean. Some characteristic properties of the Farev sequences. Am M Mo 
73:50-52; 1966. * ' * 



Cunningham. George. 

pp. 22-26. 



Farcy Sequences. NCTM Twenty-eighth Yearbook, 1963; 



Halm, H. S. A simple proof of Aaron’s conjecture on the Farev series M Mas 
40:67; 274. * ' 

Hardy, C. H., and Wright, E. M. An Introduction to the Theory of Numbers. New 
fork: Oxford University Press, 1960. 

Farev series, pp. 23 fl. 

Le Ve( iue, William. Topics in Number Theory. Addison-Wesley Publishing Co.. 
1956. Vol. 1 , pp. 154 ff. 

Wriglit, J. D. Maitland. Some properties of the Farcy series. Am.M.Mo. 
75:753-54; Aup.-Sept. 1968. 

Zame, Alan. A comment on a recent note on the Farcy series. Am M Mo 

Oct. 1967. ’ 



1.10 Figurate Numbers— Polygonal Numbers 

Numbers which can be related to geometric forms were of considerable 
interest to ancient Greek mathematicians, who were familiar with at least 
triangular, square, and pentagonal numbers. Thus triangular numbers, 



3 6 10 etc. 



1 

are of the form £ («) = - n (n + 1 ) . 

1 1 

Such figurate numbers, also known as polygonal numbers, appeared in fif- 
teenth-century arithmetic books, and were probably known to the Chinese as 
early as about the beginning of the Christian era. 

Adler, Irving. The Gian: Golden Book of Mathematics. New York: Western Pub- 
lishing Co., Golden Press. 1960. 

Figurate numbers, pp. 18-20. 

Amir-Moez. Ali. Pythagorean series. In Chips from the Mathematics Los. Mu 
Alpha Theta, 1966; pp. 85-87. 

Beiler. Albert II. Recreations in the Theory of Numbers. New York: Dover Pub- 
lications, 1964. 

Ball Games, pp. 185-99. Excellent discussion of figurate numbers. 
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Berryman, J. P. Dice and figurate numbers. Math.Tchg., no. 40. pp 53-56* 
Autumn 1967. 

Intel esting discussion of Pascal’s triangle, triangular and tetrahedral num- 
bers, and probability. 

Bowers, H., and Bowers, J. Arithmetical Excursions. New York: Dover Publica- 
tions, 1961. 

“Figurate, Perfect and Amicable Numbers,” pp. 174-80. 

Duncan, D. C. Ten mathematical refreshments. M.T. 58:102-8; Feb. 1965. 
Patterns of polygonal numbers. 

Geometry of Numbers. Abstract of a symposium. Nature 159:104-5; Jan. 18, 1947. 

Hamberg, Charles, and Green, Thomas. An application of triangular numbers to 
counting. M.T. 60:339-42; Apr. 1967. 

Hogben, Lancelot. Mathematics in the Making. London: MacDonald & Co., 1960. 
Figurate numbers, pp. 10-18, 57-61. 

Iyer, R. V. Triangular numbers and Pythagorean numbers. Scrip.M. 22:286-88; 
1956. 

Ken ^962 ^ Velyn ^ ^ s ^ lapes °* num ^ ers - Rec.M.M., no. 9, pp. 39-43; June 
Polygonal numbers. 

Khatri, J. M., and Jacobson, B. Problem E1943 [1966, 1123]. On sums of tri- 
angular numbers. Am.MMo. 75:410; Apr. 1968. 

Khatri, M. N. Number curiosities: triangular numbers. Scrip.M. 22:284; 1956. 

Triangular numbers and squares; sums of consecutive triangular numbers; 
multigradc properties of triangular numbers. 

Land, Frank. The Language of Mathematics. London: John Murray. I960. 
Figurate numbers, pp. 9-12. 

Lucas, Edouard . Recreations Mathematiqucs. Vol. 4. Paris. 1891. 

L arithmetique en boules, pp. 23-49; L’arithmetique en batons, pp. 53-65. 

Miller, Janice, and Stein, F. Max. A generalization of triangular numbers. M T 
56:414-18; Oct. 1963. 

Parker, J. H. D. Polygons and the triangular numbers. Math.Tchg.. no. 28. nn. 
42-44; Autumn 1964. 

Piza, P. A. Sums of powers of triangular numbers. Scrip.M. 16:127; 1950. 

Pnelipp^ Robert W. Digital sums of perfect numbers and triangular numbers. 
M.T. 62:179-82; Mar. 1969. 

Reichman, W. J. The Fascination of Numbers. London: Methuen. 1957. 

Figurate numbers, pp. 17-37. 

Segal, S. L. A note on pyramidal numbers. Am.M.Mo. 69:637-38; Sept. 1962. 

Stanley, R., and Marsh. D. C. B. Problem E1939 [1966, 1123]. Divisibility of tri- 
angular numbers. Am.M.Mo. 75:407; Apr. 1968. 
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Stephens, Jo. Polygonal numbers. Math .? dig., no. 39, pp. 38-41; Summer 1967. 
Inmble, Harold. The heart of teaching. M.T. 61:485-88; May 1968. 

Interesting observations on figurate numbers. 

Valens, Evans G. The. Number of Things: Pythagoras, Geometry and Humming 
Strings. New York: E. P. Dutton & Co., 1964. 

Figurate numbers, pp. 16-25. 



1.11 Four Fours 

This pastime consists of writing consecutive integers using only four 4 s, 
combining them by using any mathematical operation, provided that exactly 
four 4s and no other digits are used. For example: 

1 _ ,4 + 4-4 4 • 4 „ 4 + 4 + 4 

4 5 4 + 4 ’ 6 ~ 4 5 etc. 

Bernhard, Herbert. Eight eights. Scrip. M. 13:223; Sept.-Dee. 1947. 

Bernhard, Herbert. Some more ways of making eight eights represent one thou- 
sand. Scrip.M. 14:171; June 1948. 

Bicknell, M., and Hoggatt, V. E. 64 ways to write 64 using four Vs. Rec.M.M. 
no. 14, pp. 13-15; Jan.-Feb. 1964. 

Coxeter, H. S. M. Rouse Ball’s unpublished notes on three fours. Scrip.M. 
18:85-86; Mar. 1952. 

The Four Four’s [Problem #175]. Pentagon 24:43-45; Fall 1964. 

Four 4’s Integers. Mathematics Newsletter, Sept. 1958, p. 5. 

Gardner, Martin. The Numerology of Dr. Matrix. New York: Simon & Schuster, 

The pastime of the four 4s, pp. 51-54. 

Graham L. A. The Surprise Attack in Mathematical Problems. New York: Dover 
Publications, 1968. 

“Four Four Finale,” pp. 27-28. 

Hoggatt, V. and Moser, Leo. A curious representation of integers. Am.M.Mo 
57:35; Jan. 1950. 

Knuth, Donald. Representing numbers using only one 4. M.Mag. 37:308-10; 1964. 

Krutman, Seymour. The problem of the four n’s. Scrip.M. 13:47; Mar.-June 1947. 

Marsh, C. B. The problem of the four n’s. Scrip.M. 15:91; Mar. 1949. 

Perlman, V. How to express any number by means of two two’s. Scrip.M. 19:269; 
uec. ivou. 

Tierney, S. A. Problem E631. Am.M.Mo. 52:219; 1945. 



f 
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Tierney, S. A. 64 expressed by two fours. Scrip.M. 18:218; Sept-Dec. 1952. 
Ingg, C. W. The number 64 expressed by two fours. Scrip. t)l. 19:242; Dec. 1953. 

1.12 Number Bases — Binary Recreations 

A system of numeration refers solely to the manner in which numbers are 
written or expressed by means of symbols. Thus a numeration system con- 
sists essentiaHy of an arbitrary constant base number and a set of symbols 
(digits), with or without a zero, with or without the idea of place value, and 
with or without the idea of cipherization. To be sure, a numeration system 
embracing all of these characteristics, such as our modern base-ten Hindu- 

, IC S . yS[e ™’ is hi S hl >' efficient for most purposes. But for some purposes 
bases other than ten prove to have advantages. Thus systems in base two and 
in base eight are useful in connection with electronic digital computers. 

Binary and ternary systems are related to certain games and recreations such 
as IN mi and weight puzzles. 



Alfred, Brother. Fun, counting by sevens. Rcc.M.M., no. 3, pp. 10-15; June 1961. 
Andrews, F. Emerson. Counting by dozens. Rcc.M.M., no. 3, pp. 5-9; June 1961. 
Andrews, F. Emerson. Some sorting tricks. Rcc.M.M., no. 2, pp. 3-5; Apr. 1961. 

B °TonU96L B ° WerS! J ‘ ^ Arithmctical Excursions. New York: Dover Publica- 

Exploration Outside tile Decimal System,” pp. 195-209. 

Brown, Alan. Numbers, numbers, numbers. Rcc.M.M., no. 3, p. 54: June 1961 
Perfect numbers in base two. 

COll 5M7M3*'0cl. ' Car<l ad<li ” 8 ,nachine your «“> kuSd. M.T. 

Cuncly, H. Martyn. A demonstration binary adder. U.Gaz. 42:272-74; Dec. 1958. 
A simple electrical circuit device. 

Ferste^jCharlcs. Arithmetic behavior in chimpanzees. Sci.Am. 210:98-106; May 

Chimpanzees learn to “write” numbers in binary form. 

Giln York f Smon S ** fe A ~ 

rile Binary System, pp. 13-22; chiefly card tricks and card sorting. 

Hunter, J. A. H. Number systems for fun. Rcc.M.M., no. 3, pp. 3-4; June 1961. 

WUSk 1968 meS Changing hases w,thoul usin g I )ase ten. S.S.M. 68:461-62: May 
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Jevons, W. Stanley. Principles of Science. London. 1374; New York- Dover 
Publications, 1958. 

Chapter 6, pp. 204-5: “The Logical Abacus." 

Lucas, Edouard. Recreations Mathematiques. Vol. 1. Paris, 1891. 

La numeration binaire, pp. 145-60. 

Manhcimer, Wallace. Club pioject in a modern use of mathematics. M.T. 
50:350-55; May 1957. 

Recreations based on the binary system; Nhn; computers; etc. 

Milholland, John. Card sorting and the binary system. M.T. 44:312-14; 1951. 

Morton, R. L. Computation with binary numerals. A.T. 11:96-98; Feb. 1964. 

Morton, R. L. Decimal and duodecimal reciprocals. M.T. 56:333-39; May 1963. 

Morton, R. L. Reciprocal expressions in different numeral systems. S.S.A/. 
64:503-12; June 1964. 

O’Donnell, J. R. They are not magic number cards. A.T. 12:647-48; Dec. 1965. 
A recreation based on the use of the binary system. 

Ore Oystein. Invitation to Number Theory. New York: Random House L W 
Singer Co., 1969. 

Numerations, pp. 63-81. 

Pohl, Frederick. “How to Count on Your Fingers.” In Digits and Dastards. New 
York: Ballantine Books, 1966. 

Ranucci, Ernest. Tantalizing ternary. A.T. 15:718-22; Dec. 1968. 

Use of base three in solving weight puzzles, card-guessing games, etc. 

Reid, Constance. From Zero to Infinity. Rev. ed. New York: Thomas Y. Crowell 
Co., 1960. Chapter 2. 

Rosenthal, Evelyn. Perfect numbers in the binary system. M.T. 55:249-50; Apr. 

Scorer, R S.; Grundy, P. M.; and Smith, C. A. B. Some binary games. M.Gaz. 
30:96-103; July 1944. 

Seelbiich, Lewis, and Beard, Ralph. Duodecimal bibliography. The Duodecimal 
Bulletin, vol. 8, pp. 29-5E. 

Shurlow, H. J. Game of five. A.T. 10:290-91; May 1963. 

Helps to understand numeration systems, particularly base five. 

Smith, Joe K. A method for converting from one nondccimal base to another. 
A.T. 15:344-46; Apr. 1968. 

Square Numbers. Math.Tchg., no. 43, p. 20; Summer 1968. 

Square numbers written in bases other than base ten. 
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Trigg aarks W. Terminal digits of mn i„ the scale of seven. Rcc'MM 

no. 3, pp. 17-20; June 1961. ’ 

Williams, A. S. Ali’s four weights. A.T. 7:209: Apr. I960. 

Weight puzzle based on numbers in base three. 



1.13 Number Giants 

Who never tried, as a youngster, to write or say “the largest number there 

7 n* Se da) S ° f ^''eminent budgets running to nearly 200 billions of 

dollars, large numbers” are no longer unfamiliar. How large is lar-e? An 
expert bank teller, working forty hours a week, needs more than fifty years 
to count out one billion one-dollar bills. The first million days of the 
UirKtom era will not be reached until the latter part of the year 2739. A 
light-year comprises about six million million miles (6 X 10 1 -). 

Some well-known number giants include the followin'*: 

(a) the googol. or 10 lo °; 

( b ) the googolplex, or lo( loJO °); 

(c) Skewes’s number, JO 10 10 " M . 

Would you like to try to imagine the number of zeros in a goo<*ol<«"">* 0 i> 
or in a googolplex 6 *""i* oI i>ic*) 9 ° : 

Alfred^Brothcr. The world of large numbers. ReeMM., „ 0 . 4 , pp. 28-33; Aug. 

B °"’ CrS ’ J ' ArUhmaical Excursions. New York; Dover Publica. 
“Very Large Numbers,” pp. 14-21. 

DaV l961 l ! n iffi J pp”(Paper)° / *"** NX: L W ' Si Co., 

Domoryad, A. P. Mathematical Games ami Pastimes. New York: Pergamon Press, 
Numerical giants: pp. 57-60. 

ESS D l e°c n ’l908 B ' tPr ° blC '” E2 ° 24) - A Sll l ,er ‘ lu,m hcr. AmMMo. 75:1119-20; 

On the number of digits in F 73 = 2 (- T:! ) -f- l. 

El-Hdick, Maurice. Large and small numbers. ScripM. 5:170: July 1938. 

In I>y Samuel Rapport and Helen 

Wn 0 ht. New York: Washington Square Press, 1963. Pp. 142-55. 

Littlewood. J. E. Large numbers. M.Gaz. 32:163-71; July 1948. 

A Note on Large Numbers (9 !,!, = ?). A.T . 14:522; Oct. 1967. 

Shapiro, Irving. The last ten digits of 9 : » !,! ’. Scrip j\l. 23:235-36; 1957. 




ALCKRKA1C AND ARITHMETICAL RECREATIONS 



15 



Slrader,^W.) W. Five Little Stories. Washington, D.C.: NCTM, I960. ]6 pp. 
Concerning the number 9 (‘' : *). 



1.14 Number Mysticism and Numerology 

. Numerology is doubtless as old as astrology, which is to say that since 
time immemorial men have succumbed to mystery and superstition. In 
ancient limes, certain numbers acquired distinctive “personalities” of their 
own . The Pythagorean Brotherhood professed faith that numbers could 
explain all things. The Gematria of the Greeks and the Hebrews, the teach- 
ings of the Gnostics during the early centuries of Christianity, and medieval 
number philosophy ail testify to the sustained mysticism attributed to num- 
heis. loday this seems to l,e continued in the still widespread belief in 
foretelling the future and in reading character by means of numbers. 

Al ^:wJn;lM2 nU,Ubflr rl ‘ ymeS ° f Melr ° dorus - Teachers Collc ^ Record 

Bant. Julian. The lore of number. M.T. 61:779-83; Dec. 1968. 

Bell, Eric Temple. Numerology. Baltimore: Williams & Wilkins, 1933. 187 pp. 
A delightful book: humorous, serious, and scholarly. 

BOW Sion« a i9ei B °" erS ’ J ’ E ' AMnmical E ^ons. New York: Dover Publi- 

Mysteries and folklore of numbers, pp. 239-43. 

Clement E. W Numerical categories in Japanese. Transactions, Asiatic Society 
of Japan. 2d senes. 3:117-73; Dec. 1926. 

De Morgan, Augustus. A Budget of Paradoxes. New York: Dover Publications, 

“The Number of the Beast, 5 ’ vol. 2, pp. 218-40. 

Gardner, Martin. Cycle numerology. Sci.Am. 215:108-12; July 1966. 

Car< l %0 Marl '"‘ Dr - Mal ™ : Number mysticism. Ole. Sci.Am. 214:112-15; Jan. 

Gar 1%7 M li r 2pp ThC m "" Crol ° Sy °l Dr ■ Ml " rh - New York: Simon & Schuster. 

Delightfully sophisticated and humorous. 

CardncT Martin. The Second Scientific American Book „/ Mathematical Puzzles 
and Diversions. New York: Simon & Schuster. 1961. 

“The Mysterious Dr. Matrix, 55 pp. 233-43. 

C ' bS 19k Wa i86 pp n ° SCimCe 01 Numcro,osy - Ncw York: George Sully & Co., 
Jastrow, Joseph. Science and numerology. Sci.Mo. 37:448-50; 1933. 
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Jastrow, Joseph. Wish and Wisdom. D. Appleton-Century, 1935. 

“Numerology: Old and New.” 

Leigh. James. How to Apply Numerology. London: Exchange & Mart. 1959. 

Loveman. A. Science of numbers: numerology. Saturday Review of Literature 
10:223: Oct. 1933. 

Miller. J. E. Magic lure of numbers. Popular Mechanics 46:979-83; 1926. 
Parsons. E. C. Favorite number of the Zuni. Sci.Mo. 3:596-600; 1916. 

Philip, J. A. Pythagoras and Early Pythagoreanism. University of Toronto Press, 

1966. 222 pp. 

Pythagorean number theory from the standpoint of classicism and cos- 
mology, pp. 76-109. 

Queer Beliefs about the Number Seven. Scientific American Supplement ; 56: 
229-97; July 1903. 

Smith, D. E. The origin and development of the number rhyme. Teachers College 
Record 13:437-46; Nov. 1912. 

Tait, Katherine. Ecclesiastical symbolism of the dozen. Duodecimal Bulletin 8:3. 

Taylor, Thomas. The Theoretic Arithmetic of the Pythagoreans. Los Angeles: 
Phoenix Press, 1934. 248 pp. 

A treatise on the philosophy of numbers, numerology, mystical and theo- 
logical arithmetic, etc. 

Watson, B. Numerological comparison of China and Japan. China World Review 
59:228; Jan. 1932. 

Westcott, W. Wynn. Numbers, Their Occult Powers and Mystic Virtues. London: 
Theosophical Publishing Society, 1911. 



1.15 Number Pleasantries and Curiosities 

These refer to a wide variety of properties, relations, and oddities among 
numbers, including identities with the same digits on both sides, telescoped 
identities, digital invariants, cyclic numbers, invariant sums and powers, 
mulligrades, etc 

An autom orphic number is an integer whose square ends with the given 
integer: e.g., (76 ) - = 5,776. A narcissistic number is an integer that can 
somehow be represented by mathematically manipulating its digits: e.g., 
153 = V -j- 5‘ ! -1- 3‘ ! . Slrobogrammatic numbers are numbers that read the 
same after a 180° turn; e.g., 69, 96, and 1001. 

Amir-Moez. Ali R. Discipline in numbers — a way to stimulate the gifted. S.S.M. 
59:599-600; 1959. 

Ashley, G. E. Chinese arithmetic. Rec.M.M., no. 12, pp. 16-19; Dec. 1962. 
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Bankoff, Leon. Curiosa on 1968. J.R.M. 1:78; Apr. 1968. 

Heiler, Albert. Recreations in the Theory of Numbers. New York: Dover Publica- 
tions, 1964. 

“Digits— and the magie of 9," pp. 54-66. 

Bcr rjL ^William F. Algebraic proof of an old number trick. M.T. 59:133- Feb 
lvoo. " 7 

Bowers, H, and Bowers, J. Arithmetical Excursions. New York: Dover Publica- 

£ U n r, ^ S i^ tS 1 a,,0lU nu,I1,,ers ail(1 number pleasantries: pp. 154-73, 181-94 
4o, 244-47. 7 

Bradfield, Donald. The majesty of numbers. M.T. 60:588-92; Oct. 1967. 

Bramfiel Charles F Numbers and games. NCTM Twenty-seventh Yearbook, 

i^o5 y pp. 245-60, 7 

Concepts of repeating decimals, continued fractions, finite sets, tick tack 
toe, and the number line. Uses the approach of playing a game.' 

Brune, Irvin H. On “Digital Problem 196X.” M.T. 61:181-89; Feb. 1968. 
Caldwell, j. D. Just for fun. A.T. 15:464; May 1968. 

Tricks with numbers. 

Cross, D. C. Multigrades. RecM.M., no. 13, pp. 7-9; Feb. 1963. 

CUlt ]19-20’ Y ° U t0 ° CU!1 bC U mathematicaI ° enius - Esquire, Jan. 1957, pp. 58, 
Allusion to the Trachtenberg system. 

DaJey^Jacob. Doctor Daley’s thirty-one. The Conjuror’s Magazine, Mar., Apr. 

Dickinson, Clifford R. Curiosa on 1968. J.R.M. 1:42; Jan. 1968. 

Domoiyad, A. P. Mathematical Gaines and Pastimes. Pergamon Press, 1964. 

Arithmetical pastimes, numerical tricks, rapid calculation: pp. 33-56. 
Fleming, Robert. A family of numbers. S.S.M. 54:410-13; May 1954. 

Fletcher, T. J. Modulo two puzzles. Math.Tchg., no. 31, pp. 28-31; 1965. 

Car 1cI; ( !!”li n 2:no-ilTtm ( ^ ter symn,etries ’ rcversals ’ coinci<lonccs ’ 

Gai l97:130 a ff. i - 1 0^1957° ren,ember numbers h * devices. Sci.Am. 

Gardner, Martin. The Second Scientific American. Book of Mathematical Puzzles 
and Diversions. New York: Simon & Schuster, 1961. 

“Digital Roots,” pp. 43-50; tricks based on modular arithmetic. 

Gardner, M^tin. Calculating prodigies and their methods. Sci.Am. 216-116-19- 
Apr. 1967; also, 216:136-41; May 1967. 

Gardner, Martiu Dr. Matrix. Sci.Am. 218:124-27; Jan. 1968. 

Automorphic numbers. 
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Gardner, Martin. Finger reckoning. Sci.Am. 219:218-30; Sept. 1968 

-^^JT*** H<meillS - Y »k: Simon « Scliuster 1969 
Tests of Divisibility,” pp. 160-69. 

0 lO ^X: kS W ‘" C| ' ,I,C ex '’ 0neras ,,f llle ,erms are i» A.P. ScripM. 

Glodcn, A. Multigrade prime-., umber idem, tier. ScripM. 16:125; 1950 
oden, A. On Piza’s bigrades. ScripM. 21:193; 1955. 

Gloden, A. Remarkable multigrades. ScripM. 21:200; 1955. 

oormutigh, R. Identities with digits in reversed order. ScripM. 17-19- 1951 
Grunbaum, Hugo. Inflation in „, e worId of munl)er , s ^ 

iTim 0 "' “ nd FairWir "' R - A - Au ‘°» numbers. J.RM. 3:173-79; 

1952 ° >aI V ' BlSlade ,de nlttles with a special condition. ScripM. 18:68; 

Heath, Royal V. Sums equal to products. ScripM. 9: 1£K); 1943. 

H °”dtoLLdc»; So S c™y°59: C ° nSeCUtiVe numbers - American. 

Hunter, J. A. H. Doodling with numbers. J.RM. 3:143; July 1968. 
unter, .1. A. H. Reversal products. J.R.M. 1:246; Oct. 1968. 

1954. Mulllgr “ lles W|J| Palindromic numbers as elements. ScripM. 20:220: 

yC1 ’l956 V 0n SI "" S ° f SqUi " CS o£ c °nsecutive numbers. ScripM. 22:270-73; 

Johnson, Donovan, and Glenn Wm H i\r, 1 n 

Publishing C ;„ I9 fi0. 47 pT (Pam“' ^ ““ Webs,er 

Junes, ^T. Charles. Squares with 9 and 10 distinct digits. J.RM. 1:62-64; Jan. 

Kaplan, George G. Tire Fine An of Ma S ic. York, Pa, Fleming Book C o 1948 
The game of thirty-one,” pp. 275-79. ’ 

KdP i e 959V 24 pp/ WW ° } tke Sclf - Numbers - Devlali. India, 311 Devlali Camp, 
Pamphlet on the Demlo numbers. 

Kapiekur, D. R. Reversible Tarry-Escotl identities. ScripM. 17-146- 1951 
aP W:i r 60;-1950 m<l ^ ^ ^ " Ub in reversed order. ScripM. 

Khatn, M. N. Minor curiosities. ScripM. 22-216- 1956 

S ° mC ™ bi °-™< Problems of arithmetic. 
itaThat^ llle ™ of certain collcc- 
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Lindon, J. A. Dee-dee consecutives. J.R.M. 2:21-24; Jan. 1969. 

Lindon, J. A. Number shifts (squares). J.R.M. 2:103-7; Apr. 1969. 

Lucas, fidouard. Recreations Mathematiques. Vol. 4. Paris, 1891. 

Le calcul sur les doigts, pp. 3-23. 

Madacliy, Josepli. Mathematics on Vacation. New York: Charles Scribner’s Sons, 
1966. 

Chapter 6: “Number recreations” (perfect numbers, amicable numbers, 
primes; narcissistic numbers, automorphic numbers, and other digital 
diversions) pp. 144-77. 

madacliy, Joseph. Recreational mathematics. Fib.Q. 6:60-68; Feb. 1968. 

Some new interesting digital diversions, including some with Fibonacci 
numbers. 

Marenholz, M. Mathematical quintuplets. Scrip. M. 7:159; 1940. 

Matthews, Geoffrey. Inflation in the world of numbers. Scrip.M. 21:272- 1956 - 
22:227; 1956. 

McArdle, Edward. Sums of squares. J.R.M. 2:109-10; Apr. 1969. 

McCreery, L. Mathematical prodigies. Mathematical Neivs Letter 7-4-12- Anr- 
May 1933. ’ 1 ' 

Menninger, Karl. Calculator's Cunning. New York: Basic Books, 1964. 32 pp. 

Menmnger, Karl. Rechenkniffe: Lustiges und vorteilhaftes Rechnen. Breslau: 
Ferdinand Hirt, 1942. 96 pp. 

Moessner, Alfred. Arithmetic operations on multigrade identities. Serin M 
19:282; 1953. ' 

Moessner, Alfred. Curious identities. Scrip.M. 6:180; 1939. 

Moessner, Alfred. Minor curiosities. Scrip.M. 22:280; 1956. 

Monodivisors. Math.Tchg., no. 44, pp. 20-24; Autumn 1968. 

Niebaum, Jerome. A digital problem for 1965. M.T. 58:713-14; Dec. 1965. 
Examples such as 61 = — \ — -\/g + 65 } e [ C- 

Numbers, Numbers, Numbers. (See files of Rec.M.M ., nos. 1-14). 

All sorts of number pleasantries and curiosities. 

Philipp, Stanton. Note on consecutive integers whose sum of squares is a perfect 
square. M.Mag. 37:218-20; 1964. 

Ransom, William R. Sums of cubes. Rec.M.M., no. 2, p. 49; Apr. 1961. 

Ruinney, Max. Digital invariants. Rcc.MM., no. 12, pp. 6-8; Dec. 1962. 

Saidan, A. S. A recreational problem in a medieval arithmetic. M T 59-666-67- 
Nov. 1966. 

Numerical identities such as (111)- = 12,321, etc. 

Savage, Mark. Sport, with. Figures. London: n.d.; 38 pp. 
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Sawyer, W. W. Tricks and why they work. NCTM Twenty-seventh Yearbook 

1963; pp. 173-79. 

Good discussion of << tliink-of-a-nuniber ,J tricks. 

Schaaf. \V. L. License plates and mathematics. Mathematics Student Journal 
vol. 9, no. 3, p. 3; Mar. 1962. 

Schwartz, B. JL. Finiteness of a set of self-generating integers. J.RM 2-79-83- 
Apr. 1969. 

Bibliography. 

Selkin, F. B. Number games bordering on arithmetic and algebra. Teachers Col- 
lege Record 13:68 (1912). 

Simpson, E. j. Numbers to conjure with. Math.Tchg., no. 42, pp. 16-17; Spring 
1968. & 

Steinen, Ramon F. More about 1965 and 1966. M.T. 59:737-38; Dec. 1966. 
Digital problems :_e.g., 12 = (1 + 9) X 6 ■+■ 5; or 
29 = -1 + (V9) ! X 6 - 6; etc. 

Sutcliffe, Alan. Integers that are multiplied when their digits are reversed M Ma° 
39:282-87; Nov. 1966. 

Trigg, Charles W. A close look at 37. J.RM. 2:117—28; Apr. 1969. 

Trigg, Charles W. Curiosa in 1967. Fib.Q. 5:474-76; Dec. 1967. 

Trigg, Charles W. Curiosa for 1968. J.RM. 1:54; Jan. 1968. 

Trigg, Charles W. A digital bracelet for 1967. Fib.Q, 5:477-80; Dec. 1967. 

Trigg, Charles W. A digital bracelet for 1968. J.RM. 1:108-11; Apr. 1968. 

Trigg, Charles W. Getting primed for 1967. Fib.Q. 5:472-73; Dec. 1967. 

Trigg, Charles W. Integers of the form N :i + M T '. J.RM. 1:118-19; Apr. 1968. 

Trigg, Charles W. Integers equal to N- + M‘\ J.RM. 2:44-48; Jan. 1969. 

Trigg, Charles W. Nine-digit determinants equal to 3. J.RM. 3:157-59; July 
1968. 

Bibliography. 

Tiigg, Charles W. Playing with 1962 and its digits. Rcc.MM., no 7 nn 37-40- 
Feb. 1962. ’ 11 

Number curiosities and pleasantries. 

Trigg, Charles W. A recurrent operation leading to a number trick. J RM 
1:34-35; Jan. 1968. 

Trigg, Charles W. Recurrent operations on 1968. J.RM. 1:243-45; Oct. 1968. 

Tngg, Charles W. A special array of the nine digits. J.RM. 1:119-20; Apr. 1968. 

Weiner, L. M. Take a number. M.T. 48:203-4; Apr. 1955. 

Interesting mind-reading trick. 

Williams, K. S. On Norries 5 identity. MMag. 37:322; 1964. 



ALGEBRAIC AND ARITHMETICAL RECREATIONS 



21 



Williams, Russell. Bingtac. A.T. 16:310-11; Apr. 1969. 

A game for junior high school level, similar to the game of “Yahoo." 
Willson, Peter W. Number tricks. Math.Tchg., no. 43, p. 11; Summer 1968. 
Winthrop, Henry. Arithmetical brain-teasers for the young. A.T. 14:42-43; Jan 

Zahn, Karl. Interest getters. A.T. 15:372-74; Apr. 1968. 



1.16 Pascal's Triangle 

Pascal’s celebrated triangle of coefficients of the expansion of a br Dinial 
never ceases to evoke interest. In recent years new and unexpected pp nerties 
have been disclosed, chiefly as related to the Fibonacci numbers, but also in 
connection with recurring sequences and powers of 11. 



Alfred, Brother. An Introduction to Fibonacci Discovery. San Jose, Calif.: San 
Jose State College, Fibonacci Assoc., 1965. 

Pascal’s triangle, pp. 25-26. 

Basil, Sister Mary. Pascal’s pyramid. M.T. 61:19-21; Jan. 1968. 

Discussion of the analog of Pascal’s triangle for (a + b + c)". 

Bass, Lewis. Pascal’s triangle. Math Student, June 1967. 

Boyer, Carl. Cardan and the Pascal triangle. Am.M.Mo. 57:387-90; 1950. 
Brown, Alan L. Geometrical patterns in Pascal’s triangle. Scrip.M. 22:273-74- 



Doe, T. Two investigations. Math. T dig., no. 47, pp. 34-36; Summer 1969. 

Duncan, D. C. The diagonals of Pascal’s triangle. Am.MJlo. 72 : 1115 ; Dec. 1965. 

Gardner, Martin. The multiple charms of Pascal’s triangle. ScLAm. 215:128-32- 
Dec. 1966. ’ 

Gree jan' , 1968 S ^ Recurrent se <I»ences and Pascal’s triangle. M.Mag. 41:13-21; 

Iloggatt, V. E., Jr. A new angle on Pascal’s triangle. Fib.Q. 6:221-34; Oct. 19C3. 

Relation of Fibonacci numbers to Pascal’s triangle; bibliography. 

Horner, Walter W. Pascal and Fibonacci. Rec.M.M., no. 2,.pp. 42-44: Apr. 1961. 

Levitt, H. An extension of Pascal’s triangle. M.Gaz. 45:99-107; May 1961. 

Low Leone. Even more on Pascal’s triangle and powers of 11. M.T. 59:461-63- 
May 1966. 5 

Meyer Herbert A. Pascals triangle in matrix form. Mathematical Log, 7-1 4- 
reb. 1963. 0,1 



Morton, Robert L. 

Mueller, Francis J. 
May 1965. 



Pascal’s triangle and poyers of 11. M.T. 57:392-94; Oct. 1964. 
i>Sre on Pascal’s triangle and powers of 11. M.T. 58:425-28; 
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Raab, J. A. A generalization of the connection between the Fibonacci sequence and 
Pascal’s triangle. Fib.Q. 1:21-31; 1963. 

Raab. Joseph A. The Golden Rectangle and Fibonacci Sequence, as related to 
the Pascal Triangle. ALT. 55:538-43; Nov. 1962. 

Rind, Bradley A. Generalization of Pascal’s triangle. Mathematics Student Jour- 
nal 15 :4— 5 ; May 1968. 

Rosenthal, Evelyn.. A Pascal pyramid for trinomial coefficients. M.T. 54-336-38- 
May 1961. 

Sgroi, James. Pascal’s triangle: a different approach to subsets. M.T. 60-352-53- 
Apr. 1967. 

Skidell, Akiva. Letter on Pascal’s triangle exemplified in biology. A.T. 10*517 * 
Dec. 1963. ' ' ’ 

Struyk, Adrian. Two notes on the binomial coefficients. M.T. 49:192-96; 1956. 

Wlodarski. J. Pascal’s triangle and some famous number sequences. Fib.Q. 6*192* 
Apr. 1968. ’ 



1.17 Repeating Decimals 

A decimal fraction in which a set of one or more digits is repeated indefi- 
nitely after some point is called a repeating decimal. Such decimals are also 
variously known as recurring, circulating, and periodic decimals. Strictly 
speaking, so-called terminating decimals are also repeating decimals; eg 
1375 = 0.3750G0 . . .; 0.5 = 0.49999 . . .; etc. Thus all decimal fractions 
may be regarded as nonterminating. An important distinction: if the non- 
terminating decimal eventually repeats, it represents a rational number; if 
not. it represents an irrational number. 



As, b Avn er - The magic of one ninety-seventh. Rec.M.Al., no. 11 , pp. 43 - 45 ; Oct. 

Properties of repeating decimals for 1/7. 1/13, 3/17, 1/19, 1/29, and 1 / 97 . 

Beiler, Albert. Recreations in the Theory of Numbers. New York: Dover Publica- 
tions, 1964. 

Cycling towards infinity. 5 ' pp. 73-82; bibliography, 15 references. 

Freitag. Herta. and Freitag, Arthur. Non-terminating periodically repeating deci- 
mals. S.S.M. 69:226-40; Mar. 1969. 

Glaisher, J. W. L. On circulating decimals. . . . Proceedings , Cambridge Philo- 
sophical Society 3:185; 1876-80. 

Guttman, S. On cyclic numbers. Am.M.Mo. 41:159; 1934. 

Leavitt. W. G. A theorem on repeating decimals. Am.M.Mo. 74-669-73- Tune- 
July 1967. ’ J 
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^'^YorkTRanXm^^ Unlvereity, ^ary. Now 

Chapters 2 and 3. 

Strad (Pap«) W ' ^ U " k S ‘° riCS ' Wasllington ' DC - : NCTM, 1960. 16 pp. 
The strange reciprocal of 17 . 



1.18 Story Problems 

absorption in a mathematical problem^^^^ 

A. Counterfeit Coin Problems 

Descartes, Blanche. The twelve coin problem. Eureka 13:7, 20; 1950. 
yson, F. J. The problem of the pennies. M.Gaz. 30:231; 1946. 

210.-118-24; May n i964. yStem (appl ' ed t0 coin ‘ wei e hin g puzzles, etc.) . Sci.Am. 

Ha “^ coin - bw . 

O-^XT'p™, ' VCi6l ' inSPr0blem - ^:69T. June-Juiy 1969. 

1965. 238 pp New Oxford University Press, 

wWi P Fa]s!’Cote!’’ C °' ns and Tr ' al Balanccs ’’ ; Clia I' ler 3: “New Weighs 

Extensive treatmem,^ 31:31-39; Feb. 1947. 



B. Difficult Crossings Puzzles 



B *5:27-^ ar i%2 DynamiC - “<^0-1. crossing" Puzzles . MMag _ 

cult crossing prtf' May i 9 ^ raphiCaI sol " 1, ' on °‘ 
Lucas, fidouard. Recreations Makati, ,uc, Vol. 1, Paris, 1891; 2d cd„ 1960, 

Le jeu des traversees en bateau. 

O’Beirne, T. H. The jealous husband. Science Digest, June 1961 pp 40 81 82 
Variations on a classical ferrying problem. ‘ P ’ ’ ' 

O Beirne, T. H. Puzzles and Paradoxes Npw Ynrt- nr , TI . 

238 pp. Wew York: 0xf °id University Press, 1965. 

“One More River to Cross,” pp. 1-19. 
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Ore, Oystein. Graphs and Their Uses. New Mathematics Library. New York: 
Random House, 1963. 

Pp. 30-33: Ferryman’s puzzle and the puzzle of the three jealous husbands. 



Schwartz, Benjamin. An analytic method for ihe 
MMag. 34:187-93; 1961. 



“difficult crossing" 



puzzles. 



C. Monkey and Coconuts 

Anning, Norman. Monkey and coconuts. M.T. 54:560-62; Dec. 1951. 

Bowden, Joseph. Special Topics in Theoretical. Arithmetic. Lancaster, Pa.: Lan- 
caster Press, the Author, 1936. 

“The problem of the dishonest men. the monkeys, and the coconuts,” pp. 

203-12. 

Brashear. Philip W. Five sailors and a monkey. M.T. 60:597-99; Oct. 1967. 

Byrkit. Donald. The monkey and the coconuts. S.S.M. 62:38-41; Jan. 1962. 

Gardner. Martin. The Second Scientific American Booh of Mathematical Puzzles 
and Diversions. New York: Simon & Schuster, 1961. 

Chapter 9: “The Monkey and the Coconuts.” 

Harwood. E. IL Enrichment for all! S.S.M. 63:415-22; May 1963. 

Monkey problem, pp. 418-19. 

Kirchner. Roger. The generalized coconut problem. Am.M.Mo. 67:516-19; June- 
July 1960. 

Moritz, Robert E. Solution to Problem 3242. Am.M.Mo. 35:47-48; Jan. 1928. 

Olds, C. D. Continued Fractions. New Mathematical Library. New York: Random 
House. L. W. Singer Co., 1963. 162 pp. (Paper) 

Sailors, coconuts, and monkeys, pp. 48-50. 



D. Partitioning and Mixture Problems 

Cunningham, George S. Note on a partitioning problem (how to get 2 quarts with 
a 7-qt. and an 11-qt. jug). M.T. 56:545; Nov. 1963. 

Dubins, L. E., and Spanier, E. H. How to cut a cake fairly. Am.M.Mo. 68:1-17: 
1961. 

Extensive bibliography. 

Fink, A. M. A note on the fair division problem. MMag. 37:341-42; 1964. 

Gardner, Martin. Solving decanting problems by means of directed graphs. 
Sci.Am. 209:248-62; Sept. 1963. 

Glaisher, J. W. L. On certain puzzle-questions occurring in early arith;..etical 
writings and the general partition problems with which they are connected. 
Messenger of Mathematics 53:1—131 ; 1923. 

Glaisher, J. W. L. Partitionment of numbers in arithmetical progression into two 
parts a and (3 such that A a + p/3 is equal to one of the numbers. Messenger 
of Mathematics 54:33-63; 1924. 
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Creenhlatt. M. II. A solution for certain types of partitioning problems. M.T. 
54:556-57; Nov. 1961. 

Measuring 2 quarts with only a 7-quart and an 11-quart jug. 

O'Beirne, T. II. Puzzles and Paradoxes. New York: Oxford University Press, 1965. 
238 pp. 

Chapter 4: “Jug and Bottle Department.” 

Steinhaus. Hugo. Stir la division pragmatique. Econometrica, Supplement, 
17:315-19; 1949. 

E. Miscellaneous Problems 

Archibald, R. C. Cattle problem of Archimedes. Am.M.Mo. 25:411; 1918. 

Bell, A. H. Cattle problem: by Archimedes, 251 is.c. Am.M.Mo. 2:140; 1895. 
Duncan, Dewey. An aliquot bequest. M.Mag. 38:243-44; Sept. 1965. 

A typical “testament problem.” 

Greenberg, Irwin, and Robertello, R. A. The three factory problem. M.Mag. 
38:67-72; Mar.-Apr. 1965. 

Lindt, W. J. van de. A geometrical solution of the three factory problem. M .Mag. 
39:162-65; May 1966. 

Mosteller, Frederick. Understanding the birthday problem. M.T. 55:322-25; 
May 1962. 

Petrie, Ronald. The goat problem. Mathematics Student. Journal, vol. 15, no. 3, 
pp. 4-6; Mar. 1968. 

Schneider. Louis. Have pennies— will revel. Rec.M.M., no. 1, pp. 29-32; Feb. 
1961. 

Interesting variation of the grains-of-wheat and checkerboard problems. 

Sutton, Richard, fhe “Stcinmetz problem 5 ' and school arithmetic. M.T. 
50:434-35: 1957. 

Thomas, Ivor. Indeterminate Analysis: The Cattle Problem (of Archimedes). In 
James Newman, The World of Mathematics, vol. 1, pp. 197-98. 




Chapter 2 






2.1 Amicable Numbers 

T"° numbeis are said to be amicable if they have the property that the 
sum of the aliquot divisors of either number equals the other number, as for 
example 220 and 284, a pair probably known to the early Pythagoreans, and 
for many centuries the only known pair. By 1750 mathematicians had suc- 
ceeded in identifying some sixty such pairs. The second smallest pair is 1184 
and 1210. There are a number of rules for finding pairs of amicable numbers. 

Alanen. J.; Ore, 0.; and Steinple, J. Systematic computations on amicable num- 
bers. Mathematics of Computation 21:242-45; Apr. 1967. 

Beiler, Albert. Recreations in the Theory of Numbers. New York: Dover Publica- 
tions, 1964. 

Just Between Friends.” pp. 26-39 (amicable numbers). 

Dickson, L. E. History of the Theory of Numbers. Washington, D.C.: Carnegie 
Institute, 1919. Reprint, New York: Chelsea Publishing Co., 1952. 

Vol. 1, pp. 38-50 gives the history of amicable numbers up to 1919. 

Escott, E. B. Amicable numbers. Scrip.M. 12:61-72; 1946. 

Faller, Laura, and Rolf, Howard. Note (letters) on “Friendly Numbers” M T 
62:64—65 ; Jan. 1969. 

Garcia. Mariano. On amicable numbers. Scrip.M. 23:167: 1957. 

Gioia. A. A., and Vaidya, A. M. Amicable numbers with opposite parity. Am M Mo 
74:969-73; Oct. 1967. ‘ ' 

Rolf, Howard L. Friendly numbers. Am.M.Mo. 72:455; 1965. 

Rolf, Howard L. Friendly numbers. M.T. 60:157-69; Feb. 1967. 

2.2 Diophantine Puzzles 

These include problems which lead to mathematical equations whose solu- 
tions must be integers. A Diophantine equation is a rational integral alge- 
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braic equation in which the coefficients of the variables and the absolute term 
are integers, and for which the solutions must also be in integers. For ex- 
ample, the linear Diophantine equation ax -f- by = n has a solution if and 
only if the greatest common divisor of a and b divides n. The theory of 
numbers provides systematic methods for solving a linear Diophantine equa- 
tion, even if it contains more than two variables; also for solving simultaneous 
linear Diophantine equations, as well as nonlinear Diophantine equations. 

Britton, C. E. The equation + y = u-’ + v A = N. Scrip.M. 25:165-66; 1960. 

Britton, C. E. On a chain of equations. Scrip.M. 24:179-80; 1959. 

Note on u A + v A = x :i + y A = N. 

Diophantine problems. Indiana School Journal , vol. 1, no. 1, pp. 1-4; Oct. 1965. 

Finkelstein, Raphael. The house problem. Am.M.Mo. 72:1082-88; Dec. 1965. 

Celfond. A. \j. The Solution of Equations in Integers. (Trans, from the Russian) . 
Groningen: P. Noordhoff. 1960. 72 pp. (Paper) 

Gloden, A. Diophantine equations. Scrip.M. 25:167-68; 1960. 

Denier, O. On some Diophantine equations of the type y- - b- = xK Mathematica 
Scandinavica (Denmark) 4:95-107; 1956. 

Horner, W. W., and Brousseau, Brother Alfred. The pancake problem [Problem 
668]. M.Mag. 41:100; Mar. 1968. 

Involves the solution of the Diophantine equation 
x- + y- + £- — 2 xy — 2xz — 2 yz = 0. 

Hunter, J. A. H. The Diophantine equation x :i + y A = 9 z A . M.Mag. 38*305—6 * 
Nov. 1965. 

Iyer, R. V. Pell’s equation and a 2 + v 1 = w- + 1. Scrip. M. 23:233-34; 1957. 

Miksa, Francis. A table of integral solutions of a- + b' 1 + c- = r-. MT 
48:251-55; Apr. 1955. 

Nagell, T. Solution complete de quelques equations cuhiques a deux indeterminees. 
Journal de Mathematiques, ser. IX, 4:209-70; 1925. 

O’Beirne, T. H. Pell’s equation in two popular problems. (Column 43). Neiv 
Scientist, no. 258, pp. 260-61 ; Oct. 26, 1961. 

Sandkuhle, Raymond. The equation /F + B = C 3 . Rec.M.M., no. 14. pn. 15-16 * 
Jan.-Feb. 1964. 



2.3 Fermat Numbers 



The'' 
first t 



numbers of the form 2* -j- 1, where n - is a positive integer. The 
rmat numbers are thus 3, 5, 17, and 257. Fermat believed that 



numbers of this form were always prime, but Euler found that the sixth Fermat 
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number (// — 5), i.e., 1 -{- 2-*’ — 4,294,967,297, is nol a prime, as il is di- 
visible by 641. 



Beilcr. Albert II. Recreations in the Theory of Numbers. New York: Dover Pub- 
lications. 1964. 

‘■Round the perimeter," pp. 173-84. Relation of Fermat numbers to in- 
scriptability of regular polygons. 

Carmichael, R. D. Fermat numbers h'„ — 2-" + 1. Am.tM.Mo. 26:137; 1919. 

Paxson, C. A. The compositeness of the thirteenth Fermat number. Mathematics 
of Computation 15:420: 1961. 

Robinson. R. M. Mersenne and Fermat numbers. Proceedings, American Mathe- 
matical Society 5:842; 1954. 

Selfridge, J. L. Factors of Fermat numbers. Mathematical Tables and Other Aids 
to Computation 7:274; 1953. 



2.4 Fermat Theorems 

It was Fermat's habit to write notes in the margins of his books. In one of 
them he wrote: “However, il is impossible to write a cube as the sum of two 
cubes, a fourth power as the sum of two fourth powers, and in general, any 
power beyond the second as the sum of two similar powers. For this I have 
discovered a truly wonderful proof, but the margin is loo small to contain it.” 



Beiler, Albert H. Recreations in the Theory of Numbers. New York: Dover Publi- 
cations, 1964. 

Chapter 6, pp. 39-48: Fermat’s theorem: bibliography, 26 references. Also, 
chapter 24: 1* ennui's last theorem; bibliography, 23 references. 

Be!\ E. T. The Last Problem. New York: Simon & Schuster, 1961. 308 pp. 

Discussion of Fermat’s last problem, with many entertaining historical 
sidelights. 



l'crmat s last theorem. Rec.M .M .. no. 12. pp. 52-53; Dec. 1962. 
Brief historical note. 



Klein. Felix, el al. Famous Problems and Other Monographs. New York: Chelsea 
Publishing Co., 1962. 

Contains essay by L. J. Mordell on “Fermat’s Last Theorem.” 



Lclnner, D. H. On the converse of Fermat's theorem. Am.M.Mo. 43:347; 1936. 

Lchmor. D. H. A further note on the converse of Fermat’s theorem. Bulletin, 
American Mathematical Society 34:54; 1928. 



Lclnner, D. IL Test for primality by the converse of Fermat's theorem. 
American Mathematical Society 33:327; 1927. 



ouuenn, 



Mordell, L. J. 



Three Lectures on Fermat's Last Theorem. 1921. 



31 pp. 
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Rosser, 13. On the first ease of Fermat’s last theorem. Bulletin, American Mathe- 
matical Society 45:636; 1939. 

Tietze, II. Famous Problems of Mathematics. New York: Craylock Press. 1965. 

“Fermat’s Last Problem.” pp. 277-303. 

Vandiver. II. S. An application of high speed computing to Fermat’s Last 
Theorem. Proceedings, National Academy of Sciences 40:25-33: 1954; also. 
41:970-73; 1955. 

Vandiver, II. S. Bernoulli numbers and Fermat's last theorem. Duke Mathematical 
Journal 3 (4) :576; 1937. 

Vandiver, H. S. bermats last theorem: its history and the nature of the known 
results concerning it. AmM.Mo. 53:555-78; 1946. 



2.5 Fibonacci Numbers 



The Fibonacci sequence of numbers, originating in a thirteenth-century 
curiosity concerning the propagation of rabbits, is one of the most fascinating 
aspects of number theory and geometry. The properties and ramifications of 
the Fibonacci sequence and the related Lucas sequence are amazing and 
seemingly endless. They are related to the characteristic ratio of the Golden 
Section. <^> = ( 1 -f- V5)/2. For example: 

Fibonacci sequence: 1 , 1 . 2, 3. 5, 8. 13. . . . 

Lucas sequence: 1 , 3, 4, 7. 11, 18, 29. . . . 



<P = (V5+ l)/2 <£•'«=( 3V5+ 7)/2 

<P~ = (V5 + 3)/2 <}>■>= (5V5 + ll)/2 

4> :! = (2 ■ y/S + 4) /2 ^ = (8 V5 + 18) /2 

In recent years the literature on Fibonacci numbers has grown to unbelievable 
proportions, as attested by the files of the Fibonacci Quarterly. The following 
entries, more or less typical, represent but a very small fraction of the avail- 
able source material, the selection having been frankly arbitrary. 



Alfred, Brother. An Introduction to Fibonacci Discovery. San Jose, Calif.: San 
Jose State College, 1965. 56 pp. (Pamphlet) 

Deals with Fibonacci sequences, Lucas sequences, Pascal’s triangle, Golden 
Section, continued fractions, etc. 

Alfred, Brother. Relation of zeros to periods in the Fibonacci sequence modulo a 
prime. Am.M.Mo. 71:897-99; 1964. 

Alfred, Brother, and Wunderlich, Marvin. Tables of Fibonacci Entry Points. San 
Jose, Calif.: Fibonacci Association, 1965. 54 pp. (Multigraph) 

Arkin, Joseph. An extension of the Fibonacci numbers. Am.M.Mo. 72 :275— 79 ■ 
Mar. 1965. 
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Basin. $. L. The Fibonacci sequence as it appears in Nature. Fib.Q., Feb. 1963, 
pp. 53-56. 

Basin. S. L. Generalized Fibonacci sequences and squared rectangles. Am.MMo. 
70:372-79; 1963. 

Basin, S. L., and lloggatt. V. E. The fust 571 Fibonacci numbers. Rec.M.M., 
no. 11, pp. 19-30: Oct. 1962. 

A complete list of F i through F~,~i. 

Berg, Murray. Phi, the Golden Ratio (to 4,599 decimal places), and Fibonacci 
numbers. Fib.Q. 4:157-62: Apr. 1966. 

Buchanan. Floyd. yV-th powers in the Fibonacci series. Am.MMo. 71:647-49; 
June-July 1964. 



Bucbanan. Floyd. Bctraction of "‘‘Y-th powers in the Fibonacci Series.' 
71:1112: Dec. 1964. 



Am.MMo. 



Cadwell. J. H. Topics in Recreational Mathematics. Cambridge University Press, 
1966. 

“The Fibonacci Sequence.” pp. 12-21. 

Cloud. J. D., and Jackson. W. D. Number of Fibonacci numbers not exceeding N. 
(Problem E1636). Am.MMo. 71:798: 1964. 

Daykin, D. E. Representation of natural numbers as sums of generalized Fibonacci 
numbers. Journal, London Mathematical Society 35 (pt. 2), no. 138, pp. 
143-60; Apr. 1960. 



Federico, P. .1. A Fibonacci perfect squared square. Am.MMo. 71:404-6; 1964. 



Feinberg. Mark. Fibonacci-Tribonacci. Fib.Q. 1:71—74: Oct. 1963. 



Fibonacci Numbers. Time. Apr. 4. 1969: pp. 48, 50. 



Freit 



ag, Iicrta T. A magic square involving Fibonacci numbers. 
Feb. 1968. 



Fib.Q. 6:77-80: 



Ganis. Sam. Note on the Fibonacci sequence. Am.MMo. 66: 129-30 * Feb. 1959. 

Gardner. Martin. Mrs. Perkins’ quilt problem. Sci.Am. 215:264-66: Sept. 1966. 
Fibonacci dissections. 



Gardner. Martin. The multiple fascination of the Fibonacci sequence. Sci.Am. 
220:116-20: Mar. 1969. 

Graham. R. L. A Fibonacci-like sequence of composite numbers. M.Mag. 
37:322-24: 1964. 

Head. J. W. Income lax and the Fibonacci series. Math.Tchg., no. 21, p. 40; 
Winter 1962. 

lloggatt, V. E. Fibonacci and Lucas Numbers. Boston: Hougbton Mifllin Co.. 
1969. 92 pp. (Paper) 

lloggatt. V. E. Fibonacci numbers and generalized binomial coefficients. Fib.Q. 
5:383-400: Nov. 1967. 
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Hoggatt, V. E. Generalized Fibonacci numbers and the polvgonal numbers. J.R.M. 
3:144-50; July 1968. 
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2.6 Mersenne Numbers 

A munbe- of ll.e form /¥, = 2- - L where p is prime, is called a Mersenne 
number. Some Mersenne numbers are composite, others are prime numbers. 
As of 1963, the existence of twenty-three Mersenne primes was known. e .<\. 
01 p == 2, 3, 5, 7, 13, 19, 31. . . . 9,689, 9,941, and 11.213. The three largest 

were discovered by the use of an Illiae 11 electronic computer in a matter of 
a few hours. 



BnlI S’ J V a,Ul ; , *i nlSon - G ; 11 011 factors of certain Mersenne numbers. 
Mathematics of Computation 14:365; 1960. 

Hurwit/^A. New Mersenne primes. Mathematics of Computation 16:249; Apr. 

K, a V j' lily S { 966^" DiSllih " li,,nS ° f MerSe " ,,e t,ivi8ore - Mathematics of Computation, 
Kravitz. Sidney. Mersenne numbers. Rec.M.M., no. 8, pp. 22-24; Apr. 1962. 
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Kravitz, Sidney, and licr*'. Murray. Recent research in Mersenne numbers. 
Rec.M.M., no. 11. ,). 40; Oct. Ml. 

Lelnner, D. II. Note on Mersenne numbers. bulletin. American Mathematical 
Society 38:383; 193?. 



The Mersenne primes, the Robinson primes, the 1 9th and 20th perfect numbers. 
Rec.M.M., no. 8. pp. 25-31; Apr. 1902. 

Powers. R. E. Note on a Mersenne number. Bulletin , American Mathematical 
Society 40:883; 1934. 

Riesel, H. All factors of </ less than 10 s i>» all Mersenne numbers, p prime less 
than 10‘. Mathematics of Computation. Oet. 1962. p. 478. 

Riesel, II. Mersenne numbers. Mathematical Tables and Other Aids to Compu- 
tation 12:207-13; 1958. 



Robinson, R. M. Mersenne and Fermat numbers. Proceedings, American Mathe- 
matical Society 5:842; 1954. 

Uhler, II. S. A brief history of t|ie investigations in Mersenne numbers and the 
latest immense primes. Scrip.M. 18:122-31; 1952. 

Uhler. II. 3. Note on the Mersenne numbers Mist and Mu:?. Bulletin, American 
Mathematical Society 52:178; 1946. 

Uhler. II. !\ On Mersenne* s number Mr.*? and cognate data. Bulletin, American 
Mathematical Society 54:378; 1°48. 

Uhler, II. S. On Mersenne s number Mist** and Lucas’ sequences. Bulletin, Amer- 
ican Mathematical Society 53:162; 1947. 



2.7 Number Theory: General 

“The most beautiful theorems of hi;, er arithmetic have this peculiarity, 
that they are easily discovered bv indue. ion. while on the other hand their 
demonstrations lie in exceeding obscurity and can be ferreted out only by 
very searching investigations." — Carl Friedrich Gauss. 

Adkins, Julia. An application of modular number sv&tems. A.T. 15:713-14: Dec. 
1968. 

Simple rhymes and rules for "counting off” in games. 

Alspaugh, J. W.. and Giesc. R. P. An uncstahlishcd conjecture. S.S.M. 68:455-56: 
May 1968. 

A brief note on Goldbach’s conjecture. 

Barnett, I. A. Mathematics as an an— the higher arithmetic. M.T. 61:424-31: 
Apr. 1968. 

An interesting overview of the scope of the theory of numbers. 

Barnett, I. A. The ubiquitous number five. M.T. 58:511 IT.: Oct. 1965. 
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TI “°V 0/ Ahmtbers. New York: Dover Publi- 

“On the Square.” pp. 135-67; bibliography, 36 references. 

Dynkin, E B. and Uspenski, V. A. Muthcmatischc Unterhalt ungen //.- Aufgaben 

BCrlin: VEB der WissenscLtt: 

Escott, E. B. Solution of a problem: Find a number, *, such that the sum of the 
divisors of x is a perfect square. AmMMo. 23:394; 1916. 

Hunter, J. A. H. That “remainder” business. Rec.MJI., no. 7, pp. 3-5; Feb. 1962. 
Theory of numbers. 

Ledin, George. Is Eratosthenes out? Fib.Q. 6:261-65; Oct. 1968. 

p!imes eIat5 ° n ° f Fib ° naCCi nuB,ber8 t0 t,ie sieve method of determining 

Lindon, J. A. VF numbers. J.R.M. 1:217-23; Oct. 1968. 

tmliS prtal2f “ " °" e W '' 0SC digilS CXhihit Clearly somc ot 

Moser, Leo. On the theorems of Wilson and Fermat. Scrip.M. 22-288- 1956 

K °" SaS “ <m ° ' ,Tmchm 

0gll 182 C pp Slanley ‘ T ° m0rrow ' s Math - New York: Oxford University Press, 1962. 
Arithmetical problems, pp. 73-100. 

Ove, Oys'dn. Invitation to Number Theory. New Mathematical Library New 
York: Random House, 1969. 129 pp. (Paper) y> iNew 

Prime twins and Goldbach’s conjecture. RccM.M., no. 10, pp. 47-48; Aug. 1962. 
Brief historical note 

^ 0 °i965 10maS ^ nlC ^ ers wb * cb are differences of squares. M.T. 58:26-27; Jan. 

Spickeriilan, W. R. A note on “casting out (» - I) V' S.SM. 68:379; May 1968 

W ° U fo'umdZ t bM r Sl rr« d,lal inverw l’“ s - ^enmties Student 

Journal., ™J. 16. no. 4, pp. 5-6; May 1969. 

ferses^ °' Pa ' rS n " mberS “““ are bolh addilivc and multiplicative in- 



2.8 Odd Perfect Numbers 

“Euclid'S formula for finding a perfect number yields only even perfect 
numbets. It is not known whether there exist any odd perfect numbers. 
Although none has ever been found, mathematicians have not succeeded in 
ptovtng that none exist. If an odd perfect number does exist, it has been 
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shown that it is greater than ten billion.” — American Mathematical Monthly 
56:628-29; 1949. 

Crauer, A. Note on the existence of odd perfect numbers, etc. Bulletin, American 
Mathematical Society 49:712-18, 937; 1943. 

Dickson, L. E. Finiteness of odd perfect and primitive abundant numbers with n 
distinct prime factors. American Journal of Mathematics 35:413-22; 1913. 

Grim, 0. Uber ungerade vollkommene Zalilen. Mathematische Zeitschrift 
55:353-54; 1952. 

Kiilmel, U. Verscharfung der notwendigen Bedingungen fur die Existenz von 
ungeraden vollkommenen Zalilen. Mathematische Zeitschrift 52:202-11; 1949. 

Levit, R. J. The non-existence of a certain type of odd perfect number. Bulletin, 
American Mathematical Society 53:392-96; 1947. 

McCarthy, Paul J. Odd perfect numbers. ScripM. 23:43-47; 1957. 

Bibliography, 30 references. 

McCarthy, P. J. Remarks concerning the non-existence of odd perfect numbers. 
AmMMo. 64:257-58; 1957. 

Suryanarayana, D. On odd perfect numbers, II. Proceedings, American Mathe- 
matical Society 14:896—904; 1963. 

Webber, G. C. Non-existence of odd perfect numbers of the form 3‘ J,5 p a .... Duke 
Mathematical Journal 18:741-49; 1951. 



2.9 Perfect Numbers 

A perfect number is an integer which is equal to the sum of its aliquot 
divisors, including unity but excluding the number itself. Most numbers are 
either “abundant” or “deficient.” For example: 18 is abundant, its divisors 
giving a total of 21; 35 is deficient, giving a sum of 13; whereas 6 is perfect, 
since 1 -f* 2 -f- 3 == 6. The next two perfect numbers are 28 and 496. 

Euler’s formula for finding even perfect numbers, which was known to 
Euclid, but not proved until two thousand years later, is given by 

N = (2"' 1 ) (2” — 1). 

where n is any integer > 1 which makes the second factor. 2" — 1, a prime. 
Abundant Numbers. AmMMo. 57:561; 1950. 

Bciler, Albert H. Recreations in the Theory of Numbers. Dover Publications, 
1964. 

Perfect numbers, pp. 11-25. 

Bourlet, M. C. Sur les noinbres parfaits. Nouvelles Annales de Mathematiques. 
3d ser. 15:299; 1896. 
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Brown, Alan. Multiperfeet numbers— cousins of the perfect numbers. RecM M 
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2.10 Prime Numbers 

Despite the remarkable advances made in the theory of numbers during the 
past seventy-five years, many problems still remain unsolved. Thus no method 
has been found as yet for naming the next prime after any given prime. Like- 
wise, no formula has been developed for finding even one prime greater than 
a given prime. It has been known since Euclid’s time that the number of 
primes is infinite. And since 1900 it has been proved that the number of 
primes not exceeding *, called r (*), is given by the formula 

lim { 77 (*) \ _ i 

x — > CO y.x'/log x ) 
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hciclnnann, W. J. The Fascination oj Numbers. London: Methuen, 1957. 

Primes, pp. 46-63. 

Uosenhloom Paul C. Recent information on primes. NCTM Twenty-eighth Year - 
book, 1963; pp. 34-45. 

Schaumberger, Norman. Primes in arithmetic progression. Mathematics Student 
Journal, vol. 15, no. 2, pp. 1-4; Jan. 1968. 

School Mathematics Study Croup: Reprint Series. Edited by W. L. Sehaaf. Prime 

Aumbers and Perfect Numbers. S.M.S.C., Stanford University, 1967. (Pam- 
plllct) 

Four essays, l.y II. W. Eves, David Hawkins, K. P. Swallow, and Constance 
hcul. Bibliography. 

Stein, M L ; Ulatti, S. M.; and Wells, M. U. A visnal display ol some properties 
Of the distribution of primes. Am.M.Mo. 71:516-20; 1964. 

Steinman, David. A number theory graph. Scrip.M. 21:305; 1955. 

Graphic construction and criterion for all primes P r= 1 (mod. 4). 
Swallow, Kenneth. The factorgram. M.T. 48:13-17; Jan. 1955. 

Tietze^ Hemnch. Famous Problems of Mathematics. New York; Graylock Press, 

“Prime Numbers and Twin Primes,” pp. 1-20; “Prime Numbers Again- 
More on Their Distribution,” pp. 121-55. 

Uhler H. S. A brief history of the investigation of Mersenne numbers and the 
latest immense primes. Scrip.M. 18:122-31; 1952. 

Vaidya, A. M. On primes in arithmetic progression. M.Mag. 40:29-30; Jan. 1967. 
Vandiver, H. S. Is there an infinity of regular primes? Scrip.M. 21:306-9; 1955. 
Wdhams^H C^aHd Zavnke C. R. A report on prime numbers of the form 
K ) r L Mathematics of Computation 22:420-22; Apr. 1968. 

W ' l 'S-34“ 1 ' Mar 1%™' Slr " Cl " rc '° r “' C SKuly of " rime U.T. 

Wright, W. C. Fright, vs. Eratosthenes. Boston: G. H. Ellis Co., 1915. 



2.11 Tests for Divisibility 

Ihe notion of divisibility is one that is peculiar to the theory of numbers, 
and to a few other branches of mathematics that are closely related to the 
theory of numbers.**— Harold Davenport, The Higher Arithmetic. 

" ivisibilUy by any " rime <«"* 2 -o *>■ 
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Holey. Daniel. A simple general criterion of divisibility. M.T. 61:501-2: Mav 
1968. 

A tidbit in number theory. 

Bronowski. J. Division by 7. M.Guz. 47:234-35: Oct. 1963. 

Dickson. Leonard E. History oj the Theory oj Numbers. Vol. 1. New York: 
Chelsea Publishing Co.. 1952. Chap. 12. pp. 337-46. 

Elkin. J. M. A general rule for divisibility based on the decimal expansion of the 
reciprocal of the divisor. AmJUlo. 59:316-18: May 1952. 

Elkin. J. M. Repeating decimals and tests for divisibility. ALT. 57:215-18- Adi- 
1964. ' • ' ' ’ 



Kcincr, Henri. Divisibility test for 7. M.T. 58:429-32: May 1965. 

Jordan. John Q. Divisibility tests of the noncongruence type. /l/.7\ 58:709-12: 
Dec. 1965. 



Maxwell. E. A. Division by 7 or 13. M.Guz. 49:84; Feb. 1965. 



Morton. Robert L. Divisibility by 7, 11. 13 and greater primes. Mathematics 
Student Journal, vol. 14, no. 1, pp. 1-3: Nov. 1966. 

Morton, R. L. Divisibility by 7, 11, 13 and greater primes. M.T. 61 *370-73 - 
Apr. 1968. 

Prnitt, Robert. A general divisibility test. M.T. 59:31-33; Jan. 1966. 

Seymour, K. A. A general test for divisibility. M.T. 56:151-54; Mar. 1963. 



Stastny, Sister M. Barbara. Divisibility patterns in number bases. M T 58-308-10- 
Apr. 1965. 



Vandiver, II. S. Divisibility problems in number theory. ScripM. 21:16; 1955. 

Williams, Wendell. A complete set of elementary rules for testin'* divisibility 
M.T. 56:437-42; Oct. 1963. * 
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3.1 Apollonian Problem 

One of the most celebrated geometric problems of antiquity required to 
construct the circle or circles tangent (internally or externally) to three given 
circles. Depending upon tbe given configuration, there may be as many as 
eight circles salifying the conditions of the problem, or there may be none. 



Beecroft. Philip. Properties of circles in mutual contact. Ladies and Gentlemen’s 
Diary, 1842, pp. 91-96; 1846, p. 51. 

Coxeter, H. S. M. The problem of Apollonius. AmM.Mo. 75:5-15; Jan. 1968. 

Johnson, R. A. Advanced Euclidean Geometry. New York: Dover Publications, 
1960. 

Solution of the Apollonian problem, pp. 117-21. 

Muirhead, R. F. On the number and nature of the solutions of the Apollonian 
contact problem. Proceedings. Edinburgh Mathematical Society 14:135-47; 
1806. 

Pedoe, Daniel. On a theorem in geometry. Am.M.Mo. 74:627-40; 1967. 

Material related to the problem of Apollonius. 

Soddy, Frederick. The kiss precise. Nature 137:1021; 1936. 



3.2 The Arbelos 

The arbelos of Archimedes, known also as the “shoemaker’s knife” which 
it somewhat lesembles, is a plane figure bounded by three semicircles whose 
centers lie on the same straight line segment, such that the sum of the diam- 
eters of the two smaller semicircles ( lying on the same side of the segment) 
equals the diameter of the larger semicircle. Upon close study, the configura- 
tion reveals an amazing number of unexpected properties. 

The Arbelos. [Problem 127]. ill. Mag. 26:111-15; Nov.-Dee. 1952. 

The Arbelos. [Problem 137]. N.M.M., May 1937. p. 398. 

Bankoff, Leon. The Fibonacci arbelos. Scrip.M. 20:218; 1954. 

BankofT, Leon. A geometrical coincidence. M.Mag. 37:324; 1964. 
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BankofT, Leon The golden arbelos. Scrip.M. 21:70-76: 1955. 

Bankoff, Leon. A mere coincidence. Los Angeles Mathematics Newsletter, vol. 2, 
no. 1, p. 2; Nov. 1954. 

Properties of the arbelos. 

Fontene, M. G. Nouvellcs Annalcs de Mathematiques, Oct. 1918, pp. 383-90. 

Fourrey. E. Curiosites Geometriques. 3d ed. Paris: Vuibei ■■ et Nony, 1920. 

Arbelos of Archimedes, pp. 401-3. 

Gaba, M. G. Op. a generalization of the arbelos. Am.M.Mo. 47:19-24; 1940. 

Goorinatigh, M. R. [Tlie arbelos]. Mathesis, 1936; pp. 83-86. 

Heath, Sir Thomas L. A History of Greek Mathematics. Vol. 2. Oxford: Claren- 
don Press, 1921; pp. 101-3, 371-77. 

Heath, Sir Thomas L. The Works of Archimedes. Cambridge University Press, 
1897. Reprint. New York: Dover Publications, 1953; pp. 304-8. 

Johnson, Roger. Modern Geometry. Boston: Houghton Mifflin, 1929; pp. 116-17. 

d’Ocagne, M. [The arbelos]. V Enscigncment Mathematique, 1934; pp. 73-77. 

Thebault, Victor. Am.M.Mo. 47:640-42; Nov. 1940. 

Thebault, Victor. Ar • ntcs de la Societe scientifique de Bruxelles. Oct. 5, 1949, 
pp. 1-8; June 1952, pp. 41-47. 

Thebault, Victor. Bulletin de la Societe Mathematique de France, 1944, pp. 68-75. 

Thebault, Victor. V Enseignement Mathematique, 1934, no. 5-6, pp. 349-59; 1935, 
no. 5-6, pp. 309-24. 

Thebault, Victor. Gazeta Matematica, 1931, p. 325. 

Thebault, Victor. Mathesis, 1931, pp. 192-284; 1934 (Supplement), p. 28; 1935 
(Supplement, 11 pp.) ; 1936 (Supplement, 12 pp.) ; 1952, no. 5-6 (Supple- 
ment) , pp. 41-48. 

Thebault, Victor. Scrip.M. 15:82-87; Mar. 1949. 

Thomas, Ivor. Greek Mathematical Works. Harvard University Press, 1951 Vol 
2, pp. 578-79. 

Ver Eecke, Paul. Oeuvres completes d’Archimedc. Brussels and Paris. 1921- nn 
526-31. 

Ver Eecke, Paul. Pappus d’Alexandrie: la collection mathematique. 2 vols. Paris: 
Desclee de Brouwer et Cie; vol. 1, pp. 155-77. 

Watson, M. R., and others. Circle inscribed in the arbelos. M.Mag. 26:111—15 • 
Nov.-Dee. 1952. ’ 

Gives seven or eight different proofs for the radius of the inscribed circle. 



3.3 The Butterfly Problem 

C be t he midpoint of any arbitrary chord AB of a given circle; then if 

DE and FG are any two chords through C, then CH = HI. where IT is the 
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intersection of AB and GD, and I is the intersection of AB and EF; also, if 
EG meets AB extended in /, and DF meets AB extended in K, then C7~= CK. 

Ihis so-called butterfly'* property can be shown to hold for ellipses and 
ovals as well as for circles. 



Busemann, H. The Geometry of G'odesics. New Yoik: Academic Press, 1955. 

Cliakerian, G. D.; Sallee, G. T.; and Klamkin, M. S. On the butterfly property 
M.Mag. 42:21-23; Jan. 1969. 

Cliarosh, Mannis. Problem #1 (The Butterfly problem). Association of Teachers 
of Mathematics of New York City, vol. 1, no. 1. p. 11; Jan. 1945. 

Interesting proof which makes use of the properties of radical axes of 
circles. 

Eves, Howard. A Survey of Geometry. Boston: Allyn & Bacon, 1963. Butterfly 
problem, p. 171. 

Jacobson, William. The butterfly problem— extensions, generalizations M Mas 
42:17-21; Jan. 1969. " b ' 

Klainkin. Murray. An extension of the butterfly problem. M.Mag. 38 *206—8 ■ 
Sept. 1965. ' ’ 



3.4 The Crossed Ladders 

Like the cat in the alley, the problem of the crossed ladders seems also to 
have nine lives. I wo ladders of known but unequal lengths are crossed, with 
their feet respectively at the bases of two walls encompassing an alley. If the 
height above the pavement of the point at which the ladders cross is known, 
the problem is to find the width of the alley. The use of similar triangles leads 
to a quartic equation, which is awkward. Many methods have been used: 
graphic, trigonometric, and iteration formulas. 

Anning, Norman. New slants on old problems. M.T. 45:474-75; Oct. 1952. 

A trigonometric approach to the crossed-ladder problem. 

Arnold, H. A. The crossed ladders. M.Mag. 29:153-54; Jan.-Feb. 1956. 

Solution by an iteration formula. 

Crossed-ladder Problem. M.Gaz. 47:133-36; 1963. 

Crossed Ladders in an Alley. M.T. 48:58-59; Jan. 1955. 

Graham, L. A. The Surprise Attack in Mathematical Problems. New York- Dover 
Publications. 1968. 

“Searchlight on Crossed Ladders.” pp. 16-18. 

James, Ricky. The crossed ladders. Mathematics Student Journal , vol 7 no 3 
p. 4; Mar. 1960. ' ' ’ 
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Ladder problem. The New Jersey Mathematics Teacher, vol. 24, no 1 nn 19—20 • 
Oct. 1966. 1 1 ’ 

Problem #2836. Am.M.Mo. 29:181; Apr. 1922. 

Problem #3173. Am.M.Mo. 34:50; Jan. 1927. 

Problem E210. Am.M.Mo. 43:642-43; Dec. 1936. 

Detei mines the set of integers involving the smallest integral length of the 
longest ladder; a = 105, b = 87, c = 35, d =63. 

Problem E433. Am.M.Mo. 48:268-69; Apr. 1941. 

A four-parameter solution for determining sets of integers. 

Problem E616. Am.M.Mo. 51:592; Dec. 1944. 

Problems No. 35 and 41. Mathematics News Letter 8:65-68; 1933. 

Problem #567. N.M.M. 19:205-7; Jan. 1945. 

A general solution using trigonometry. 

Problem #32. Pentagon 10:98; Spring 1951. 

Given, a = 40, b — 30, c = 10; found, d = 26.04. 

Problem #131. S.S.M. 9:174; Feb. 1909. 

Problem #1194. S.S.M. 32:212; Feb. 1932. 

Given, a = 100, b = 80, c = 10; found, d = 79.10. 

Problem #1498. S.S.M. 37:860-61; Oct. 1937. 

Given, a = 40, b = 30, c = 15; found, d = 15.99. 

Problem #2116. S.S.M. 49:244-45; Mar. 1949. 

Given, a = 60, b = 40, c = 15; found, d = 33.75. 

Scarborough, J. B. Numerical Mathematic A. Analysis. Baltimore: Johns Hopkins 
Press, 1950, p. 201. 

Smith, C. D. The trapezoid of two crossed ladders. M.Mag. vol. 29. no. 5. p. 259: 
1956. 

Struyk, Adrian. Crossed ladders in an alley. M.T. 48:58-59; Jan. 1955. 

Sutcliffe, Alan, and Janusz, Gerald. Integral solutions of the ladder problem 
Am.M.Mo. 73:1125-27; Dec. 1966. 

Gives a solution in which the distance between the tops of the ladders is 
also integral. 

Yates, Robert C. The ladder problem. S.S./V7. 51:400-401; May 1951. 

A graphical solution. 
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curves and Their Construction 



“Mathematicians have a habit of studying, just for the fun of it, things that 
seem utterly useless; then centuries later their studies turn out to have 
enonnous scientific value. There is no better example of this than the work 
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done by the ancient Greeks on the noncircular curves of second degree: the 
ellipse, parabola, and hyperbola.” — Martin Gardner, New Mathematical Di- 
versions from “Scientific American .” 



Artobolevskii, I. I. Mechanisms for the Generation of Plane Curves. New York- 
Macmillan, 1964. 

Benin, Hugo. The Witch of Agnesi. Scrip.M. 8:135 : 1941. 

Bergman, Ronald. Something new behind the 8-ball. Rec.M.M., no. 14, pp 17-19- 
Jan.-Feb. 1964. ’ ' ’ 

About elliptipool. 

Besant, William Henry. Notes on Roulettes and Glisscttes. Cambridge (England), 
1870, 1890. 5 

Burbach, Sister M. Annunciata. Conic sections and their constructions M T 
56:443-46: Oct. 1963. ' ' 

Byrne, Sister Maurice Marie. A geometric approach to the conic sections M T 
59:348-50; Apr. 1966. 

Cady, W. G. The circular traclrix. Am.M.Mo. 72:1065-71; Dec. 1965. 

Couch, John. Mechanical solution of cubic equations. Pentagon 15:15-17; 1955. 
Cozens, W. H. The lost chord. Rec.M.M., no. 10, pp. 17-19; Aug. 1962. 

Loci, such as the cardioid and nephroid, traced by a moving chord in a 
circle. 



Cozens, W. H. The lost chord again. Rec.M.M., no. 12, pp. 3-5; Dec. 1962. 

Domoryad, A. P. Mathematical Games and Pastimes. New York: Pergamon Press 
1964. ’ 

Construction of curves: pp. 166-87. 

Easton, Joy B. Johan de Witt’s kinematical constructions of the conies. M.T. 
56:632-35; Dec. 1963. 

Frost, P. Curve Tracing. New York: Chelsea Publishing Co., 1960. 

Gardner, Martin. Curious properties of a cycloid curve. Sci.Am 211-110-16- 
July 1964. * 5 

Gardner Martin. New Mathematical Diversions from Scientific American. New 
York: Simon & Schuster. 1966. 

The ellipse, pp. 173-83. 

Gardner, Martin. Piet Hein’s superellipse, superegg. etc. Sci.Am. 213-222—32* 
Sept. 1965. * ’ 



Gardner, Martin. I he Unexpected Hanging. 
Spirals, pp. 103-13. 



New York: Simon & Schuster. 1969. 



Hicken, Baron B. Some interesting mathematical and optical properties of 
parabolas and parabolic surfaces. S.S./17. 69:109-17; Feb. 1969. 
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H,U a^"p 0 Mai^cI 0! ^6. S ‘ Ge0me,ry md ‘^SinaUon. New York: 
‘•The Simplest Curves and Surfaces,” pp. 1-24. 

Div.’, 1%3'Zl m'Cpllm f mCC ' NCW Y ° rk: MeGraW ‘ Hi!i ,ioot Co., Webster 
Kempis, Sister Mary Tlton, as a. The welkin, polyglot. ScripM . 6:21M7 . j 

" ar ° U n ' C - Agnesi. J. RM . 1:49-53,- Jan. 1908. 

oc-woot, E. II. A Book of Curves. Cambridge University Press lOfil 199 

An elementary discussion of how to draw „1„„. „ , 199 PI> ' 

sections, cycloidal curves siiirals -nut 1 P C ? l,rves ’ ,ncl uding conic 
unL -> spiiats, and envelope methods. 

Hu";. ° f “ ,,iCS - Journal, vol. 

sss.vr.tj.s" t, - 

■ »-■ -■ 

Rademaclter, Han, aud Toeplita 0 .,o L e r ° U,Cl,es) - 

ton, N.J.: Princeton University Press 1957 W "'““ ° Mmhcmai c<- Prince- 

Chapter 10: “On Closed Seif-intersecting Curve,” 

Struyk, Adrian, and Clifford, Paul C Tl.„ „ 

hyperbola, central conics. M.T 46-588-90 1 - 47 -S^ 0 S Von"** ^ paral)ola - 
Jan. 1954: Mar. 1954. °’ 47:29 - 30 i 47:189-93; Dec. 1953; 

Wa.ker R.J , Wm - cW . New York: Dover PuI) , ica|ions m2 

‘ »X C " ”** P,0PmkS - A “ Arl -t ««*.: J- W. Edwards, 
Yates, Robert C The cardioid. M.T. 52:10-15; Jan. 1959. 

Z wikke;V 8 ;~Tc U,C “ rdi0idi C "™ S,i,chins; tti’PRtrtttion cams. 
New York: Dover PubkatlZoM^ Ph " C ,hdr A PPHoalions. 

3.6 Curves of Constant Width 

drieal rollers, ttsT b’ °" CJ,l l n - 

^ tz*: 

of constant width; the width of a • C e . ls constant. A circle is thus a curve 
parallel tangents. ‘ ‘ ‘ S I >er l>endicular distance between 

are infinitely many turves If' tmlr^dtlf ZT"} f'h ’’t™ 1 ’ ' here 

simi>,ra ‘ is — *— ^tLX 
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centers at .'Jie vertices of an equilateral triangle whose side equals their radii. 

Such curves find useful applications in mechanics and engineering, as, 

for example, in the design of drills for square holes, or in the design of cams 

to produce halted motion in feed mechanisms, and similar devices. 

Besicovitch, A. S. The Kakeya Problem. Am.MMo. 70:697-706; Aug.-Sept. 1963. 

Blank, A. A. A remark on 1 lie Kakeya problem. Am.MMo. 70:706-11; Aug.- 
Sept. 1963. 

Blaschke, Wilhelm. Krais utul Kill’d. Leipzig, 1916; Berlin: W. do Gruyter, 1956. 

Cadwell, J. H. Topics in Recreational Mathematics. Cambridge University Press, 
1966. 

“Newton’s Polygon and Plane Algebraic Curves,” pp. 100-11; “Rators and 

Curves of Constant Breadth.” pp. 164-76. 

Gardner, Martin. The Unexpected Hanging. New York: Simon & Schuster, 1969. 

“Curves of Constant Width,” pp. 212-21. 

Goldberg, Michael. A ? -gon rotors making (n + 1) contacts witli fixed simple 
curves. Am.MMo. 69:486-91; June-July 1962. 

Goldberg, Michael. Rotors in polygons and polyhedra. Mathematics of Computa- 
tion, vol. 14, no. 71, pp. 229-39: July 1960. 

Extensive bibliography; 36 references. 

Goldberg. Michael. Trammel rotors in regular polygons. Am.MMo. 64:71-78; 
Feb. 1957. 

Kelly, Paul. Plane convex figures. NCTM Tiocnty-eighth Yearbook, 1963; pp. 
251-64. 

Discussion of curves of constant width. 

Rademacher, H., and Tocplitz. 0. The Enjoyment of Mathematics. Princeton, 
N.J.: Princeton University Press, 1957; pp. 163-77. 

Reuleaux, Franz. 77te Kinematics of Machinery, 1876. Reprint. New York : Dover 
Publications, 1964; pp. 129-46. 

Yaglom, I. M., and Boltyanskii, V. G. Convex Figures. New York: Holt, Rinehart 
& Winston, 1961 : chapters 7 and 8. 



3.7 Curve-stitching 

The relatively simple but fascinating art of curve-stitching appears to have 
been spawned by a delightful little booklet by Edith I. Somervell, entitled 
A Rhythmic Approach to Mathematics (London, 1906). Many designs, some 
simple, others ornate, but all consisting of straight lines made with colorful 
threads, are stitched on cards according to some preassigned pattern of 
punched holes. Even young children are fascinated by designs that they can 
easily execute, in an introduction to this stimulating booklet, Mrs. Mary 
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Everest Boole, wife of the English mathematician George Boole, tells how this 

method was developed jointly by Boole and the French mathematician 
Boulanger. 

Birtwistle, Claude. Curve Stitching. London: Association of Teachers of Mathe- 
matics, Pamphlet No. 9. 1962. 8 pp. 

Cooke, Charles J. The conic sections from their envelopes. Math.Tchg. no. 44. 
PP- 10-12; Autumn 1968. 

Knowles, Evelyn. Fun with one-to-one correspondence. A.T. 12:370-72; May 1965. 

Me Camnia n. Carol V. Curve-st itching in Geometry. NCTA1 Eighteenth Yearbook 
1945; pji. 82-85. 



3.8 Dissection Problems 

In general, geometric dissection problems are concerned with cutting cer- 
tain geometric figures into other desired figures. It can he shown that any 
rectilinear plane figure can he dissected into any other of the same area by 
cutting it into a finite number of pieces. As a mathematical recreation, one 
often wishes to find how to dissect one figure into another figure by dividing 
H into the least possible number of pieces. It is usually impossible to prove 
that the minimum number of pieces has been determined, and this is doubt- 
less one reason why the subject is far from exhausted. Of course, there are 
many other kinds of dissections beside minimal dissections, such as dissecting 
a given square into unequal squares, or into acute triangles: dissecting a cube 
or a pyramid; Pythagorean dissections; etc. 

On the whole, dissection problems offer little by way of practical applica- 
tions, nor do they involve abstruse mathematical ideas. Indeed, their solution 
calls largely for empirical and experimental methods, and challenges the 
ingenuity of amateur and seasoned problem-solvers alike. 

Bollyanskii, V. G. Equivalent and Equidecomposable Figures. (Trans, from the 
Russian.) Boston: D. C. Heath & Co.. 1963. 68 pp. (Paper) 

Bibliography; 19 references. 

Cadwcll, J. H. Some dissection problems involving sums of cubes. M.Gaz., vol 48 
no. 366. p. 391 ; 1964. 

Cadwcll^J. II. Topics in Recreational Mathematics. Cambridge University Press, 

“Dissection Problems in Two and Three Dimensions/’ pp. 88-99. 

Cozens. W. II. Pythagorean dissections. Rec.M.M., no. 6. pp. 23-24; Dec. 1961. 

CU,,< !n-o' ft f’’ a,U i Ko,,cU ’ A - P> Mathematical Models. Oxford: Clarendon Pre^ 
LVdZ; chap. 2. 
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Dehn, M. Ober den Rauininhalt. Mathematisclie Annalcn (Berlin) 55:465-78; 

1902. j 

Doinoryad. A. P. Mathematical Games and Pastimes. New York: Pergamon Press, 
1964. 

Recntting of figures: pp. 158-65. 

Dudeney, H. E. Amusements in Mathematics. New York: Dover Publications, 
1958; pp. 27-40. 

Ehrenfeucht, A. The Cube Made Interesting. New York: Pergamon Press, 1964. 
83 pp. 

Polyhedrons, symmetries, dissections, colored blocks. 

Fourrey, E. Curiosites geometriques. 4th ed. Paris, 1938. 

Dissections, pp. 109-25. 

Fujimura, Kobon. A fundamental dissection problem. J.R.M. 1:124-28; Apr. 
1968. 

Gardner, Martin. Dissection of the square into acute triangles. Sci.Am. 202:150; 
Feb. 1960. Solution in Sci.Am. 202:176-78; Mar. 1960. 

Gardner, Martin. The Unexpected Hanging. New York: Simon & Schuster, 1969. 
“Geometric Dissections," pp. 43-51. 

Gardner, Martin. Mrs. Perkins’ quilt problem. Sci.Am. 215:264-66; Sept. 1966. 
Fibonacci dissections. 

Gardner. Martin. Mathematical games. Sci.Am. 205:158-69; Nov. 1961. 

Gardner, Martin. New Mathematical Diversions from Scientific American. New 
York: Simon & Schuster, 1966. 

Paper cutting, pp. 58-69. 

Celler, D. P., and Tiner, J. H. Partitions of a rectangle. [Problem 6661. M.Mag. 
41:98-99; Mar. 1968. 



Goldberg. Michael. A duplication of the cube bv dissection and a hinged linkage. 
M.Gaz. 50:304-5; 1966. 

Goldberg. Michael, and Stewart. B. M. A dissection problem for sets of polygons. 
Am.M.Mo. 71:1077-95; Dec. 1964. 



Hadwiger, H. Ergannungsgleichhcit k-dimcnsionaler Polyeder. 
Zeitschrift (Berlin) 55:292-98; 1952. 



Matliematische 



Hadwiger, H. Mittelpunktspolyeder und translative Zerlegungsgleichheit. Mathc- 
matische Nachrichten (Berlin) 8:53-58; 1952. 

Hadwiger, II. Zerlegungsgleichheit und additive Polycderfunktionalc. Archiv der 
Mathcmatik (Basel) 1:468-72; 1948-49. 



Hadwiger, II. Zum Problem der Zerlegungsgleichheit der Polyeder. Archiv der 
Mathcmatik (Basel) 2:441-44; 1949-50. 



Hadwiger, II. Zum Problem der Zerlegungsgleichheit k-dimeusionaler Polyeder. 
Matliematische Annalcn (Berlin) 127:170-74; 1954. 
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Hadwiger. II., and Glur. P. Zerlegungsgleichheit ebener Polygone. F.lemente der 
Mathemutik (Basel) 6:97-106; 1951. 

Hawley. Chester. A further note on dissecting a square into an equilateral triangle. 
M.T. 53:119-23; Feb. 1960. 

Hoffman. Professor. Puzzles, Old and New. London, New York: Frederick Warne 
& Co., 1893. 

‘‘Dissected” or continuation puzzles, pp. 74-144. 

Hoggatt. V. E.. and Denman. Russ. Acute isosceles dissection of an obtuse tri- 
angle. Am.M.Mo. 68:912-13; Nov. 1961. 

Hoggatt. V. E.. and Jamison, F. Dissection of a square into n acute isosceles tri- 
angles. Fib.Q. 6:390-92; Dec. 1968. 

Jamison. Free. An impossible dissection. Am.M.Mo. 69:550-52; Jtine-July 1962. 

Langford, C. Dudley. To pentasect a pentagon. M.Gaz. 40:218; 1956. 

Lindgren. Harry. Geometric Dissections. Princeton. N.J.: D. Van Nostrand Co.. 
1964. 165 pp. 

Lindgren, Harry. Going one better in geometric dissections. M.Gaz. 45:94-97; 
May 1961. 

Lindgren, Harry. Some approximate dissections. J.R.M. 1:79-92; Apr. 1968. 

Lindgren, Harry. Three Latin-cross dissections. Rec.M.M., no. 8. pp. 18-19; Apr. 
1962. 

Lindgren. Harry. Two six-piece dissections. Am.M.Mo. 64:368-69; May 1957. 

Madachv, Joseph. Mathematics on Vacation. New York: Charles Scribner’s Sons. 
1966. “Geometric dissections,” pp. 15-33. 

Malkewitch. Joseph, and Goldberg, Michael. Dissection into squares and equi- 
lateral triangles [Problem 707]. M.Mag. 42:158: May-June 1969. 

Manheimer, Wallace. Solution to Problem E1406. Am.M.Mo. 67:923; Nov. 1960. 

Mathematics Staff, University of Chicago. (Six articles on dissection.) M.T. 
49:332-43. May 1956 : 442-54. Oct. 1956: 585-96, Dec. 1956: 50:125-35. 
Feb. 1957; 330-39, May 1957; 51:96-104, Feb. 1958. 

Meyer, Andrea L. The movable figures. Pentagon 27:86-95; Spring 1968. 

Proofs of equidecomposability by means of parallel translations, rotations, 
and line symmetry. 

Mind. Nev. R. A problem in construction of triangles. Scrip.M. 22:296: 1956. 

Piwnicki, frank. Application of the Pythagorean theorem in the figure-cutting 
problem. M.T. 55:44-51: Jan. 1962. 

A Problem on the Cutting of Squares. M.T. 49:332-43; May 1956. 

Rabinowitz, S., and Goldberg, Michael. Dissection diameters. Am.M.Mo. 
76:693-94: June-July 1969. 

Sydler, J. P. Stir la decomposition des polyedres. Commcntari Mathematici 
Helvetia (Zurich) 16:266-73: 1943-44. 
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Iliomas. John. A dissection problem. M.Mag. 41:187-90; Sept. 1968. 

Discussion of the problem: Can a rectangle lie dissected into N nonover- 
lapping triangles, all having the same area, if N is an odd integer? 

1 orreyson. H. C., et al. [Problem #3125.] S.S.M. 68:161-63; Feb. 1968. 

Discussion of the dissection of the Expo 67 symbol made up of eleven 
equilateral triangles into a five-pointed star. 

Tutte W. T. The dissection of equilateral triangles into equilateral triangles 
proceedings, Cambridge Philosophical Society 44:464-82; 1948. 

Valens, Evans C. The Number of Things: Pythagoras, Geometry and Humming 
Strings. New York: E. P. Dutton & Co., F64. 189 pp. 

Chapters 9, 11. 



3.9 Finite Geometries 

A miniature' 5 or finite geometry is a system of geometry in which the 
undefined terms and the postulates are such that the system has only a finite 
number of points and a finite number of lines. As might be expected, the 
terms point' 5 and “line' 5 assume meanings somewhat different from the 
ordinary meaning or imagery associated with those terms. For example, we 
speak of a three-point geometry (which is trivial), or a six-point, or a 25- 
point, or a 31-pomt geometry. Such geometries can be developed analytically, 
which reveals an interesting connection between geometry and modular con- 
gruences and Galois fields; or they can be developed from the point of view 
of geometric transformations. In any event, finite geometries shed consider- 

a e igit on the structure of mathematical systems and on the concept of 
isomorphism. 



Albert. A. A. Finite planes for the high school. M.T. 55:165-69; 1962. 
Bennett, A. A. Modular geometry. AniM.Mo. 27:357-61; Oct. 1920. 

Bolts, Tru:.. an. Finite planes and Latin Squares. M.T. 54:300-306; May 1961. 



iiruck, K H Recent advances in the foundations of Euclidean plane geometry. 
Am.M.Mo. 62, pt. 2:2-17; Aug.-Sept. 1955. 

Contributions to geometry. Am.M.Mo., vol. 62, pt. 2; Aug.-Sept. 1955. 

Contains four papers dealing with finite geometries; bibliographies. 

Cox ford, Arthur F. Geometric diversions: a 25-point geometry. M.T. 57:561-64- 
Dec. 1964. ’ 



Cundy. H. Martyn. 25-Point Geometry. M.Gaz. 36:158-66; Sept. 1952. 
Dubisch, Roy. Applications of finite arithmetic, III. M.T. 55:162-64; 1962. 
Edge, W. L. 31-Point Geometry. M.Gaz. 39:113-21; May 1955. 
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Fletcher, T. J. Finite geometry by coordinate methods. M.Gaz. 37:34—38: Feb. 
1953. 

Ileidlage, Martha. A coordinate approach to the 25-point miniature geometry. 
M.T. 58:109-13; Feb. 1965. 

Ileidlage. Martha. A study of finite geometry. Pentagon 23:18-27; Fall 1963. 

Jones, Burton W. Miniature geometries. /J/.7’. 52:66-71; Feb. 1959. 

MacNeish, H. F. Four finite geometries. Am.M.Mo. 49:15-23; Jan. 1942. 

Ott, E. R. Finite projective geometries, PG(k, p»). AmM.Mo. 44:86-92; 1937. 

Read, Ronald. Soup, fish and finite geometries. Rec.M.M. 13:11-16; Feb. 1963 

Rickart, C. E. The Pascal configuration in finite projective geometry. Am.M .Mo. 
47:89; 1940. 

Rosskopf, M. F., and Exner, R. M. Modern emphases in the teaching of geometry. 
M.T. 40:272-79; 1947. 

Saar, Howard. A miniature geometry. Rec.M.M. 11:15-16; Oct. 1962. 

Singer, James. A theorem in finite projective geometry and some applications to 
number theory. Transactions, American Mathematical Society 43:377-85; 
1938. 

Veblen and Bussey. Finite projective geometries. Transactions, American Mathe- 
matical Society 7:241-59; 1906. 

Wiseman, John D. Introducing proof with a finite system. M.T. 54:351-52- May 
1961. 



3.10 The Fourth Dimension 

Perhaps here it may be asked why anyone should be interested in the 
foui lli dimension at all. . . . Yet its contemplation gives hints of solution of 
some of the most absorbing problems of mankind.” — Charles W. R. Hooker, 
What Is the Fourth Dimension? 

Amii-Moez, Ali R. Symmetry and Fourth Dimension. Los Angeles Mathematics 
Newsletter, vol. 3. no. 2, p. 1; Jan. 1956. 

Burger, Dionys. Sphereland. New York: Thomas Y. Crowell Co.. 1965. 205 pp. 

A worthy companion to Abbott’s well-known classic Flatland: A Romance 
of Many Dimensions. 

Coxeter, H. S. M. A geometrical background for de Sitter’s World. Am.M.Mo 
50:217-28; 1943. 

Advanced; highly technical. 

Coxeter, H. S.M. Introduction to Geometry. New York: John Wiley & Sons, 1961. 

chapter 22: I 1 our-Dimensional Geometry. ’ Existence of four-dimensional 
figures; constructions for regular poly topes; close packing of equal spheres; 
statistical honeycomb. 
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Du Val, Patrick. Ceometrical note on <le Sitter’? 7/orld. Phil. Man. (6) 47:930-38; 
1924. 

Very technical discussion. 

Gardner, Martin. Hypercubes: Is it possible to visualize a four-dimensional figure? 
Sci./lm. 215:138-43; Nov. 1966. 

Gardner, Martin, i he Unexpected Hanning. New York: Simon & Schuster, 1969. 
“The Church of the Fourth Dimension,” pp. 65-75; “Flatlands,” pp. 136-46. 

Gelfand, I. M.; Glagoleva, E. G.; and Kirillov, A. The Method of Coordinates. 
Cambridge, Mass.: M. I. T. Press, 1967. 69 pp. (Paper) 

Includes an excellent discussion of four-dimensional space, pp. 41-69. 

Jacobson, R. A. Spaceland; as viewed informally from the fourth dimension. 
M.Mag. 40:174-78; Sept. 1967. 

Manning, Henry P. Geometry of Four Dimensions. New York: Dover Publications. 
1956. 348 pp. 

An unabridged, unaltered republication of the first edition of 1914. 

Neville, E. H. The Fourth Dimension. Cambridge, 1921. 55 pp. 

Sellers, Norman. The four-dimensional cube. Pentagon 19:30-37; Fall 1959. 

Synge, J. L. The geometry of many dimensions. M.Gaz. 33:249-63; Dec. 1949. 

Weitzebock, Roland. Der Vierdimensionalc Raum. Basel: Birkhauser Verlag, 
1956. 224 pp. 



3.11 Geometric Constructions 

The study of geometric constructions and geonietrography is an intriguing 
area of mathematics which has fascinated mathematicians and laymen from 
earliest times to the present.. If no restrictions are imposed with regard to 
what instruments are permitted, we usually refer to the results as “geometric 
drawing,” e.g., the techniques of the draftsman. The phrase “geometric con- 
struction"’ in general assumes, tacitly or otherwise, that the configuration is 
to be executed by using certain specific instruments and no others, as for 
example, straightedge and collapsible compasses, the classic method of the 
Greek geometers. 

Amir-Moez, A. R. Ruler, Compasses and Fun. Lafayette Printing Co., Lafayette, 
Ind., 1961. 31 pp. (Paper) 

Argunov, B. I., and Balk, M. B. Geometric Constructions in the Plane. Boston: 
D. C. Heath & Co. (Pamphlet) 

Bierberbach, L. Theorie der geometrischen Konstruktionen. Basel, 1952. 162 pp. 

Bold, B. Confounded Problems: A History of Constructions with Straight Edge 
and Compass. 1968. 
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Dawson, T. R. Match Stick geometry. M.Guz. 23:161-68; 1939. 

Gocieaux L. Applications des methods geometrographie t a trace mechanique des 
courbes planes. L Enseignement Mathematique , 8:143-46, 370-73; 1906. 

Gruttner, D. Die Zerlegung geometrischer Zeichnungen in Konstruktionen Eh- 

inno tS imd I ,r Anwent ^ un g Dei Losung von Aufgaben. Z.M.N.U. 39:256-61- 
1908. ’ 

Hallerberg, A. E. Georg Mohr and Euclidis Curiosi. M.T. 53:127-32; 1960. 

Horadam, A. F. Constructions possible by ruler and compasses. M.Gaz. 44:270-76. 

Kostovskn A. N. Geometrical Constructions Using Compasses Only. New York: 
Blaisdell Publishing Co., 1961. 78 pp. (Paper) 

Lebesgue, H L. Logons sur les Constructions Geometriques. Paris: Gauthier- 
viilcrs, 1950. 304 pp. 

da " S '’ eSPaCe ’ °“ s,ereom ® :rogra P^*e. 

Lemoine, Emile. Principes de geometrographie ou art des construction* geome- 
triques. Archw der Mathematik und Physik 1 (3):99-115. 323-41; 1901. 

Marriott, Richard. Geometrical Drawing for Students. London: Methuen & Co., 
1958. 112 pp. (Paper) 

,,roblems - Edinbm ‘ h 

MO, Wefleri963 /eWeWfa/y Gc ° melry from an Advanccd Standpoint. Addison- 
“Constructions with Ruler and Compass,” pp. 214-41. 

Norbert, Brother, C.S.C. Polygons drawn easily. S.S.M. 63:560-62; 1963. 

N ° r DMstu%3.^ N ” Y ° rk: 

papp sm; 

Peterson, Julius. Methods and Theories for the Solution of Problems of Geo- 
metrical Constructions. Bound with W. W. R. Ball’s String Figures and Other 
Monographs. New York: Chelsea Publishing Co., 1960. 102 pp. 

Rad ve’Sty P^i a i 957 0eplilz ’ °' rAt ' ./ Mathematics. Princeton Uni- 

the C ° mpass f0r ,he Conslr,Jcli<) " s » f Elementary 

Ransom, W. R. Diirer’s pentagon. S.S./V7. 64:236; 1964. 

Scnool Mathematics Study Group. Reprint Series. Edited by W L Schaaf 
Geometric Constructions. S.M.S.G., Stanford University, 1967. 41 pp . 

Four essays, by R. C. Yates, A. E. Hallerberg, A. L. Hess, and C. W Tri^g- 
bibliography. oh> 

Shenton, W. F. The first English Euclid. AmMMo. 35:505-12; 1928. 
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Smogorzhevskii, A. S. The Ruler in Geometrical Constructions. (Trans, from the 
Russian.) New York: Blaisdell Publishing Co., 1962. 86 pp. (Paper) 

Tan, Kaidy. How to find the center of a circle. M.T. 56:554-56; Nov. 1963. 

Van Veen, S. C. Geometry of Compasses. Th^ Constructions of Mascheroni. 
Gorinchen: J. Noordijren Zoon, 1951. 134 pp. 

Yates, Robert C. Geometrical Tools. St. Louis Educational Publishers, 1949. 

Young, G. C., and Young, W. H. Der klcine Geometer. Berlin, 1908. 

3.12 Geometric Problems and Puzzles 

“Now you see it, now you don’t.” 

Amir-Moez, Ali R. Circles and spirals. Rec.M.M., no. 5, pp. 33-35; Oct. 1961. 

An Old Triangle Problem. M.Mag. 42:47; Jan. 1969. 

To find all the triangles with, integral sides such that their areas and 
perimeters are the same integer. 

Aref, M. N., and Wernick, William. Problems and Solutions in Euclidean Geom- 
etry. New York: Dover Publications, 1968. 258 pp. (Paper) 

A collection of some 700 challenging “originals,” with solutions given for 
about 200 of the problems. 

Bradford, Owen. Polyhedra of any dimension. S.S.M. 60:589-92; Nov. 1960. 
An extension of Euler’s theorem, V + F = E + 2. 

Brider, J. E. A mathematical adventure. Math.Tchg., no. 37, Winter 1966, pp. 
17-21; no. 37, Spring 1967, pp. 18-21. 

Counting the number of squares and tr.anglcs in a composite configuration. 

Brooke, Maxey. Dots and lines. Rec.M.M., no. 6, pp. 51-55; Dec. 1961. 

Geometric recreations. 

Bruyr, Donald Lee. Geometrical Models and Demonstrations. Portland, Me.: 
J. Weston Walch, 1968. 173 pp. 

Many diagrams and directions for making models of curves, surfaces, and 
solids; for club programs, projects, and personal amusement. 

Crown, A. W. The Language of Triangles. Vol. 1. New York: Macmillan Co., 
1964. 115 pp. (Paper) 

Dienes, Z. P., and Golding, E. W. Exploration of Space and Practical Measure- 
ment. New York: Herder & Herder, 1966. 94 pp. 

Games leading to an understanding of geometry and geometric transforma- 
tions, pp. 15-21, 35-57. 

Diggins, Julia. String, Straightedge and Shadoiv. New York: Viking Press, 1965. 

160 pp. 

A brief elementary overview of the geometry of the ancients, with some 
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empliasis on the Pytliagorean relationship, the regular polyhedrons, and the 
Golden Section. 

Dubnov, Ya. S. (Trans, from the Russian.) Mistakes in Geometric Proofs. Bos- 
ton: D. C. Heath, 1963. 57 pp. (Paper) 

Dunn, James N. Patterns in a square. Math.Tchg., no 41, p. 29; Winter 1967. 

Edgcombe, G. Moire bands. Math.Tchg ., no. 26, pp. 21-28; 1964. 

Patterns produced by a methodical array of discrete lines, threads, rods, 
dots, etc.; such systems yielding interference effects are called Moire bands. 

Ehrenfeucht, A. The Cube Made Interesting. New York: Pergamon Press, 1964. 
83 pp. 

Polyhedrons; symmetries; dissections; colored blocks. 

Frotid, G. R. Thoughts on mowing the lawn. Math.Tchg., no. 37, pp. 52-54; 
Winter 1966. 

Areas of concentric rectangles; puzzle. 

Fujimura, Kobon. Tatami puzzles. J.R.M. 1 : 36 - 37 ; Jan. 1968 . 

Gogan, Daisy. A game with iMpes. A.T. 16:283-84; Apr. 1969. 

Illustrative of rotations, symmetry, and congruence; for middle-grade chil- 
dren. 

Grant, Sinclair. The series 2 n- - 1 . Rec.M.M., no. 11, pp. 37-39; Oct. 1962. 

Hammer, Preston. Distances. Mathematics Student Journal, vol. 14. no. 4, pp 
1-2; May 1967. 

Hausner, Melvin. The geometry of color. NCTM Twenty-eighth Yearbook, 1965; 
pp. 301-10. 

Horadam, A. F. Fibonacci sequences and a geometrical paradox. M.Mag. 
35:1—11 : 1962. 

Jacobson, R. A., anG Yocom, K. L. Shortest paths within polygons. M.Mag. 
39:290-93; Nov. 1966. 

Kordemskii, B. A., and Rusalyov, N. V. The Amazing Square. 1952. 

Kumar, Santosh. On Fibonacci sequences and a geometric paradox. M Mag 
37:221-23; 1964. 

Mann, Nigel. Dots and lines. Math.Tchg., no. 40, pp. 46-47; Autumn 1967. 

Materials for mathematics: links and connections. Math.Tchg., no. 40, p. 33; 
Autumn 1967. 

Gives a list of some 15 commercially available recreational devices to illus- 
trate geometric configurations and constructions. 

Meschkowski, H. Unsolved and Unsolvable Problems in Geometry. Oliver & Boyd 
1966. 

Moore, Charles G. Pierced polygons. M.T. 61:31-35; Jan. 1968. 

Ogilvy, C. Stanley. Tomorrow’s Math. New York: Oxford University Press, 1962. 
Geometrical problems, pp. 51-72. 
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Oliver, Nina. Flying saucers; a project in circles. M.T. 44:455-57; 1951. 

Ranucci, Ernest. Jungle-gym geometry. M.T. 61:25-28; Jan. 1968. 

Discussion of the conju nction of a jungle gym, a structure made by joining 
lengths of pipe, and used as a recreational playground facility. 

Ravielli, Anthony. An Adventure in Geometry. New York: Viking Press, 1957. 
117 pp. 

Illustrative of geometric forms all about us. 

Satterly, John. The trisection of the area of a circle. S.S.M. 53:124-30; Feb. 1953. 

Singmaster, David. On round pegs in square holes and square pegs in round 
holes, ill. Mag. 37:335-37; 1964. 

Smart, James R. The n-sectors of the angles of a square. M.T. 60:459-63; May 
1967. 

Sutcliffe, Alan. A ladder and wall problem. Am.M.Mo. 74:325-26; Mar. 1967. 
Swale, J. H. Geometrical Amusements. London: G. & W. B. Whittaker, 1821. 

236 pp. 

Synge. J. L. The geometry of many dimensions. M.Gaz. 33:249-63; Dec. 1949. 

Valens, Evans G. The Number of Things: Pythagoras , Geometry , and Humming 
Strings. New York: E. P. Dutton & Co., 1964. 189 pp. 

Wallin, Don. Similar polygons and a puzzle. M.T. 52:372-73; May 1959. 

Wilkins, J. Mathematical Magiclc, or the Wonders that may be performed by 
Mechanicall Geometry. (Reprint of the 1648 edition.) London, 1968. 295 pp. 



3.13 Linkages 

“The conversion of the easily attained circular motion into motion along a 
straight-line is of prime importance to the engineer and the mechanic. . . . 
fhe generation of line motion was no doubt of concern to mathematicians 
from the time of Archimedes and, because no solution was apparent, many 
confused this problem with that of squaring the circle. A solution was first 
given by Sarrus in 1853 and another by Peaucellier in 1864, both of which 
lay unnoticed until Lipkin, a student of Tschebyschef, independently re- 
created Peaucelliers mechanism.”- — Robert C. Yates, in Multi-Sensory Aids 
in the Teaching of Mathematics ( 18th yearbook of the NCTM). 

Andrews, W. R. (On Linkages) Note 276. M.Gaz. 27:149-54; Oct. 1943. 

Bennett, G. T. A double four mechanism. Proceedings , Cambridge Philosophical 
Society 17 (5):391-401; 1914. 

Bennett, G. T. A new mechanism. Engineering, Dec. 1903, p. 777. 

Bricard, R. The deformable octahedron. Liouvillc's Journal 3:113-48; 1897. 
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Cohen, Cecile M. Peaucellier’s and Hart’s linkage. Summation (ATM), vol 11 
no. 6, pp. 78-81 ; June 1966. 1 * ’ 

de Jong, A. E. R. An account of modern kinematics. Transactions, American 
Society of Mechanical Engineers 65:613; 1943. 

Bibliography. 

Duncan, W J A kinematic property of the articulated quadrilateral. Quarterly 
1954 ° ^ eC ian cs an( l Applied Mathematics, vol. 7, pt. 2, pp. 222-25; 

C0, tS M ^44.S aliOn ° f lllC CUbC hy disSection and a hin e ed Uncage. 

G ° 1 *38 -30 8-^1 1^- 1 ; *N o v T 1 9 65 G a U C ° ^ ' C * ^ the SUrfaCe ° f U Sphere ' MMa S- 

Goldberg, Michael. A three-dimensional analog of a plane Kempe linkage. Journal 
of Mathematics and Physics 25:96-1)0; 1946. 

G ° ld 26a0-21- C, i947 TUl> " lar linkageS - lm " ml ol and Physics 

Macmillan. R. H. (On Linkages) Note 268. M.Gaz. 26:5; Feb. 1942. 

Roxbee^Cox^H.^ (On^ Linkages). Proceedings, London Mathematical Society 



3.14 Lissajous Figures 

Lissajous figures are interesting and often beautiful curves resulting from 
the interaction of two harmonic motions at right angles. They can be pro- 
cuced mechanically by means of swinging pendulums (harmonograph) or 

by means of differential rotating gear wheels (spirograph); also electrically 
(oscillogram). 3 

A set of curves in rectangular coordinates may be given by a system such as 

X = g(t), 

y = hu), 

where l is a parameter. In general, a typical Lissajous curve is represented by 

x — a sin kt 
y — b sin //I. ( i -|- or ) . 



Bcitcl, Bradley J. Harmonic vibration figures. Pentagon 27:20-29: Fall 1967. 

Ca '”press/l966. 188 E '" crpriscs lor Schools ■ Ncw York: Pergamon 
Lissajous figures, pp. 177-81. 
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Colwell, R. C. Mechanical devices for drawing Lissajous figures. S.S.M. 
36:1005-6: Dec. 1936. 

Domoryad. A. P. Mathematical Games and Pastimes. London: Pergainon Press, 
1964. 

Lissajous curves, pp. 173-77. 

Franke, II. W. ; Laposkv. B. 1‘.; and Hubner, A. Oscillograms and electronic 
abstractions. Scrip.M. 22:82,83,86,87; 1956. 

Hillman, George. Pendulum patterns. /1/.7’. 51:291; Apr. 1958. 

Hilton, Wallace. Lissajous figures. S.S.M. 57:7-8; Jan. 1957. 

Laposky, Ben F. Electronic abstractions: mathematics in design. Rcc.M.M., no. 4, 
pp. 14-20; Aug. 1961. 

Leonard, Edward H. A whipped-cream pendulum. Physics Teacher 4:84; Feb. 
1966. 

Lissajous figures. Science 129:1104; Apr. 24, 1959. 

Lissajous figures by analog computer. Science 149:1446; Sept. 24, 1965. 

Mechanical toy which draws geometrical designs. Sci.Am. 96:496; 1907. 

Moritz, R. E. Cyclic-Harmonic Curves. Seattle: University of Washington Press 
1923. 

Newton, H. C. Harmonic Vibrations and Vibration Figures. London: Newton & 
Co., 1902. 

Nnsbaum, Donald. Pendulum patterns. Modern Photography, Nov. 1949, p. 70. 
Rigge, W. F. Harmonic Curves. Omaha, Neb.: Creighton University, 1926. 
Simpson, E. J. Spirography. Math.Tchg., no. 36, pp. 10-14; Autumn 1966. 



3.15 Malfatti's Problem 

Malfatti in 1803 proposed the problem of determining the sizes of three 
nonoverlapping circles of the greatest combined area which could be cut 
from a given triangle. He believed that the solution consisted of the three 
circles which are externally tangent to each other, and each of which is 
tangent to two sides of the triangles. These circles are called the Malfatti 
circles, and it is now known that the solution is never the set of Malfatti 
circles. 



Dorrie, Heinrich. 100 Great Problems of Elementary Mathematics. New York: 
Dover Publications, 1965. 

Malfattfs problem, pp. 147-151. 

Eves, Howard. A Survey of Geometry, vol. 2. Boston: Allyn & Bacon, 1965. 
Malfatti’s problem, pp. 245-47. 
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Cahai. Ilyman. ami Lilian, Erie. On Goldberg’s inequality associated with the 
Malfatti problem, ill. Mag. 41:251-52; Nov. 1968. 

Goldberg. Michael. The converse Malfatti problem. MM an. 41-262-66- Nov 
1968. 



Goldberg, Michael. On the original Malfatti problem. M.Mag. 40-241-47 • Nov 
1967. 

Lob, H.. and Richmond, II. W. On the solutions of Malfatti’s problem for a 
triangle. Proceedings , London Mathematical Society 2, 30:287-304; 1930. 

Malfatti, Gianfiancesco. Memoria sopra un problcma sterotomico. Meniorie di 
Matanatica e di Fisica della Societd Indiana delle Scienze 10, 1:235-44; 1803. 

Proci«i. Angiolo. Questioni connesse col problcma di Malfatti e bibliografia. 
Periodico di Matematiche (Bologna) 4, 12:189-205; 1932. 



3.16 Mascheroni Constructions 

The geometry of compasses was developed independently by Georg Mohr 
m Denmark in his book Euclidcs Danicus (1672) and by Lorenzo Mascheroni 
in Italy in his Gcomctria del Coinpasso (1/9/). It is pertinent to distinguish 
between the Euclidean compasses" (a collapsible instrument) on the one 
hand, and the modern compasses (with a set radius) that can not only 
describe a circle (as with the Euclidean compasses) hut can also transfer a 
distance from one location to another, an operation properly executed by the 
dividers. As it turns out, every operation that can be performed with the 
straightedge and dividers can be performed with the straightedge and 
Euclidean compasses. However, the converse is not true: the straightedge and 
dividers can do more than the straightedge alone, but not as much as the 
straightedge and Euclidean compasses. 



Becker. J. P. On solutions of geometrical constructions utilizing the compasses 
alone. M.T. 57:398-403; Oct. 1964. 

Court, N. A. Mascheroni constructions. M.T. 51:370-72; May 1958. 

Goldberg, M. All geometric constructions may be made with compasses. SSM 
25:961-65: 1925. 

Hallc-rberg, Arthur. The geometry of the fixed-compass. M.T. 52-230-44- Apr 
1959. 

Hlavaty. Julius. Mascheroni constructions. M.T. 50:482-87: Nov. 1957. 

Kostovskii, A. N. Geometrical Constructions Using Compasses Only. (Trans, 
from the Russian by II. Moss.) New York: Blaisdell Publishing Co., 1959. " 

Mohr, G. Euclidcs Danicus. Amsterdam, 1672; Copenhagen, 1928. 
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School Mathematics Study Croup. Reprint Series. Edited by W. L. Schaaf. 
Mascheroni Constructions. S.M.S.C., Stanford University, 1967. 35 pp. 

Four essays, by F. Cajori, J. II. IUavaty, N. A. Court, and W. F. Cheney; 
bibliography. 



3.17 Morley's Theorem 

Scarcely any geometric relationship could be more simply stated: The three 
points of intei section of the adjacent trisectors of the angles of any triangle 
form an equilateral triangle. The theorem was first discovered in 1899 by 
Frank Morley. whose son Christopher wrote Thunder on the Left and Plum 
Pudding, among other works. Characterized by Coxeter as “one of the most 
surprising theorems in elementary geometry," Morley told it to his friends and 
it spiead among mathematicians by word of mouth. Fifteen years later, a 
simple pi oof was given by W. E. Philip: since then, many other proofs have 
been given. 

Bakei, II. F. Introduction to Plane Geometry. Cambridge University Press, 1943. 
Morley’s theorem, pp. 345-49. 

BankofT, Leon. [Morley’s triangle.] M.Mag., Sept.-Oct. 1962. pp. 223-24. 

Botlema, 0. Hoofdstukken nit de Elementairc Mectkunde. The Hague- N V 
Servire, 1944; p. 34. ° 

Bieii, II. P., and Walker, A. W. A property of the Morley configuration. Am.M.Mo. 
75:680-81; June-July 1968. 

Childs, J. M. Proof of Morley’s theorem. M.Gaz. 11:171 ff.; 1923. Aho, Proceed- 
ings, Edinburgh Mathematical Society 32:119-31. 132-56; 1914. 

Coxeter, H. S. M. Introduction, to Geometry. New York: John Wiley & Sons, 1961. 
Morley’s theorem, pp. 23-25. 

Deinir, Huseyin. A theorem analogous to Morlev’s theorem. M.Mag 38-228-30- 
Sept. 1965. 

Dobbs. W. J. M.Gaz., Feb. 1938. 

Discussion of Morley’s triangle and other equilateral triangles formed by 
trisecting exterior angles, etc. 

Gambier, B. L’Enseignement Mathematique 4:257-67; 1931. 

Garfunkel, J., and Stahl, S. The triangle reinvestigated. Am.M.Mo 72-12-20- 
Jan. 1965. ‘ ’ 

Piopei ties of the triangle similar to Morley’s theorem. 

Grossman, II. P. Am.M.Mo., 1943, p. 552. 

Hopkins, E. J. Some theorems on concurrence and collinearity. M Gaz 
34:129-33; 1950. 
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Lorenz, K. Deutsche Mathcmatik 2:587-90; 1936. 

Loria, Gino. M.Gaz. 23:364-78; 1939. 

Lubin, C. Am.M.Mo. 62:110-12; 1955. 

Morley, Frank. American Journal of Mathematics 51:465-72; 1929. 

Morley, Frank. Inversive Geometry. Boston: Ginn & Co., 1933; p. 244. 

Morley’s Theorem. [Problem 16381.] Educational Times, July 1, 1908, p. 307. 

Morley Triangles. Am.M.Mo. 72:548-49; May 1965. 

Morley’s Theorem. Math.Tchg., no. 34, pp. 40-41; Spring 1966. 

Naraniengar, M. T. Morley’s theorem. Educational Times, New Series 15:47; 
1909. 

Neidhart, G. L., and Milenkovich. V. Morley’s triangle. M.Mag. 42:87-88; Mar. 
1969. 

Penrose, Rogei. Morley’s theorem. Eureka 16:6-7; 1953. 

Peters, J. W. The theorem of Morley. N.M.M. 16:119-26. 

Rose, Haim. A simple proof of Morley’s theorem. Am.M.Mo. 71:771-73; 1964. 

Satterly, John. The Morlev triangle and other triangles. S.S.M. 55:685-701; Dec. 

1955. 

Smart, James R. The n-sectors of the angles of a square. M.T. 60:459-63; May 
1967. 

Strubecker, K. Einfiihrung in die hohere Mathematik. Munich, 1956. 

Gives H. Dome’s proof of Morley’s theorem, p. 595. 

Taylor, F. G., and Marr, W. L. Proceedings , Edinburgh Mathematical Society 
32:119-50; 1914. 

Thebault, Victor. Recreational geometry; the triangle. Scrip. M. 22:14-30, 97-105; 

1956. 

Proofs of Morley’s theorem, p. 25 ff. 

Vandeghen, A. A note on Morley’s theorem. Am.M.Mo., 1965, p. 638. 
Venkatachaliengar, K. Am.M.Mo. 65:612-13; 1958. 

3.18 Optical Illusions 

Various types of optical illusions are well known: for example, illusions 
created by angles; equivocal figures, often involving shading; depth and dis- 
tance illusions; deceptions due to misuse of perspective; illusions caused by 
contour and contrast; illusions involving color, chromatic abberation, and 
after-images; etc. Many of these involve mathematical concepts and geometric 
properties; all of them involve physiological or psychological considerations. 

Beeler, N. F., and Branley, F. M. Experiments in Optical Illusions. New York: 
Thomas Y. Crowell Co., 1951. 
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Brandes, Louis G. An Introduction to Optical Illusions. Portland, Me.: J. Weston 
Walch, 1956. (Unpaged). 

Gregory, Richard. Visual illusions. ScLAm. 219:66-76; Nov. 1968. 

Illusions That Reveal Our Minds. Journal, National Retired Teachers Association, 
vol. 18, no. 82, pp. 24-25; Mar.-Apr. 1968. 

Lietzmann, W .Wo steckt der Fchler? Leipzig: Teubner, 1950. 

Optical illusions, pp. 15-25. 

Luckiesh, M. Visual Illusions: Their Causes, Characteristics and Applications. 
New York: Dover Publications, 1965. 252 pp. 

Luneberg, R. K. Mathematical Analysis of Binocular Vision. Princeton, N.J.: 
Princeton University Press, 1947. 

Neisser, Ulric. The processes of vision. ScLAm. 219:204-14; Sept. 1968. 

Optical Illusions. Mathematical Pie, no. 50, Feb. 1967, p. 389. 

Segall, M. H.; Campbell, D. T.; and Herskovits, M. J. Cultural differences in the 
perception of geometric illusions. Science, Feb. 22, 1963, pp. 769-71. 

Tolansky, S. Optical Illusions. New York: Pergamon Press, 1964. 156 pp. 

3.19 Squaring the Square — Squared Rectangles 

The problem of subdividing a square into smaller squares, no two of which 
are alike, is a special kind of dissection problem long believed to be unsolvable. 
Today, by means of electrical-network theory, the “square has been squared.” 
Along the same lines, we note that a squared rectangle is a rectangle that 
can be dissected into a finite number (two or more) of squares. If no two of 
these squares have the same size, the squared rectangle is said to be perfect. 
The order of a squared rectangle is the number of constituent squares. It is 
known that there are just two perfect rectangles of order 9, and none of order 
less than 9. 

Basin, S. L. Generalized Fibonacci sequences and squared rectangles. Am.M.Mo. 
70:372-79; 1963. 

Bouwkamp, C. J. On the construction of simple perfect squared squares. Konin- 
klijke N ederlandsche Akademie van IVetenschappen, Proceedings 50:1296-99; 
1947. 

Bouwkamp, C. J. On the dissection of rectangles into squares (I-III) . Koninklijke 
N ederlandsche Akademie van IVetenschappen, Proceedings 49:1176-88; 
50:58-78; 1946-47. 

Bouwkamp, C. J.; Duijvestijn, A. J. W.; and Medema, P. Catalog of Simple 
Squared Rectangles of Orders 9 through 15. Department of Mathematics, 
Technische Hogeschool, Eindhoven, Netherlands, 1960. 

Brooks, R. L.; Smith, C. A. B.; Stone, A. H.; and Tutte, W. T. The dissection 
of rectangles into squares. Duke Mathematical Journal 7:312-40; 1940. 
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Brooks, R. L. ; Smith. C. A B.; Stone, A. II.; and Tutte, W. T. A simple perfect 
^/i"s 1300 1301 1941 Crl (m <lSC! ‘ C AJmlemic van y eten schappen. Proceed - 

Duijvestijn, A. J W. Electronic Computation of Squared Rectangles. Thesis. 
Eindhoven, Netherlands: Philips Computing Centre, 1962. 

Federico, P. J. A Fibonacci perfect squared square. Am.M.Mo. 71:404-6; 1964. 

Federico, P. J. Note on some low-order perfect squared squares. Canadian Journal 
of Mathematics 15:350-62; 1963. 

Gardner, Martin. The Second Scientific American Book of Mathematical Puzzles 
mu Diversions. New York: Simon & Schuster, 1961. 

“Squaring the Square,” pp. 186-209. 

Hawley, Chester. An observation on dissecting the square. M.T. 51:120; Feb. 
1958. 5 

ROll 7 i l, o^o^o a I 1 n^ WyIer) ° SWal(1 * S( I uares in the Fibonacci series. Am.M.Mo. 
71:220-22; 1964. 

Sprague R. Beispiel einer Zerlegung des Quadrats in lauter verschiedene 
Quadrate. Mathematische Zeitschrift 45:607-8; 1939. 

Stone, A H. Fitting together twenty-eight squares to form a square. Am.M.Mo. 
4/ :4o, 57U; 1940, 

Stone, A. H. Question E401 and solution. Am.M.Mo. 47:570-72; 1940. 

Tutte, W. T. The quest of the! perfect square. Am.M.Mo., vol. 72. no 2 nt 2 
pp. 29-35; Feb. 1965. . ! ’ pt ' ’ 

Bibliography. 

Tutte, W. T. Squaring the square. Canadian Journal of Mathematics 2:197-209; 

Tutte, W. T. Squaring the square. Sci.Am., Nov. 1958, pp. 136-42. 

Also in The Second Scientific American Book of Mathematical Puzzles and 
Diversions, Martin Gardner; pp. 186-209. 

Tutte W. T A theory of .^connected graphs. Indagationes Mathematicae 
(Amsterdam) 23:441-55; 1961. 

Willcocks, T. H. Fairy Chess Review 7; Aug.-Oct. 1948. 

Willcocks, T. H. A note on some perfect squared squares. Canadian Journal of 
Mathematics 3:304-8; 1951. 



3.20 Symmetry 

ihe pedagogical difliculty of comparing the isosceles triangle ABC with 
itself is sometimes avoided by joining the apex A to D , the midpoint of the 
base BC. The median AD may be regarded as a mirror reflecting B into C. 
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Accordingly, we say that an isosceles .triangle is symmetrical by reflection, or 
that it has bilateral symmetry.” — H. S. M. Coxeter, Introduction to Geometry. 



Amir-Moez, A. R. Symmetry and fourth dimension. Los Angeles Mathematics 
Newsletter, vol. 3, no. 2, pp. 1; Jan. 1956. 

Brumfiel, Charles. Geometry: right and/or left. NCTM Twenty-eighth Yearbook 
1963; pp. 100-108. 

Discussion of right- and left-handedness; orientation in 3-space and in 

4-space. 

Cadwell, J. H. Topics in Recreational Mathematics. Cambridge University Press, 
1966. 

“Plane Symmetry Groups,” pp. 112-29. 

Extended symmetry. Sci.Am. 212:52—54; Mar. 1965. 

Gardner, Martin. About left- and right-handedness, mirror images, and kindred 
matters. Sci.Am. 198:128-33; Mar. 1958. 

Gardner, Martin. The Ambidextrous Universe. New York: Basic Books 1964 
294 pp. 

Mirror-imagery; asymmetry in Nature; fourth dimension; etc. 

Gardner, Martin. Mathematical games: symmetry and asymmetry and the strange 
world of upside-down art. Sci.Am. 206:156-66; May 1962. 

Gardner, Martin. The Scientific American Book of Mathematical Puzzles and 
Diversions. New York: Simon & Schuster, 1959. 

“Left or right?” pp. 163-73. 

Gardner, Martin. Is Nature ambidextrous? Philosophy and Phenomenological 
Research, vol. 13, no. 2, pp. 200-11; Dec. 1952. 

Gardner, Martin. The Unexpected Hanging. New York: Simon & Schuster, 1969. 

'‘Rotations and Reflections,” pp. 114-21. 

Goonstein, R. L. [Symmetry.] M.Gaz. 45:279-81; Dec. 1961. 

Kitaigorodskiy, A. I. Order and Disorder in the World of Atoms. New York: 
Springer-Verlag, 1967. 

Lane, William. Abstract mathematics for upside-down readers. NCTM Tiventy- 
eighth Yearbook, 1963; pp. 141-49. 

Laulman, A. Symetrie et Disymetrie en Mathematiques et en Physique. Paris: 
Hermann, 1946. 

McWeeny, R. Symmetry: An Introduction to Group Theory and Its Applications. 
New York: Pergamon Press, 1963. 264 pp. 

Comprehensive, and readily comprehended. 

Morrison, Philip. The overthrow of parity. Sci.Am., Apr. 1957. 
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Shubnikov, A. V., Belov, N. V., 
Press, 1964. 263 pp. 

Of especial interest to 
symmetry. 



et al. Coloured Symmetry . New York: Pergamon 
crystallographers, with emphasis also on anti- 



Walter, Marion. Some mathematical ideas involved 
14:115-24; Feb. 1967. 



in the mirror cards. 



A.T. 



Wlg Press’ \g£ ymmetries and Re fl ect ions. Bloomington, Ind.: Indiana University 



a e, Paul B. Geometry and Symmetry. San Francisco: Holden-Day, 1968. 288 pp 
A fairly advanced treatment of Euclidean, affine, and projective symmetries • 

makes use of group theory, combinatorics and linear algebra; excellent 
discussion of crystallography. excellent 



3.21 Tangrams 

The formation of designs by means of seven pieces or tiles cut from a 
square, viz:., a smaller square, a rhombus, and five triangles, is an Oriental 
pastime of Chinese origin, possibly very old. A Greco-Roman version-the 
stomachion, or loculus of Archimedes— consisted of fourteen pieces cut from 
a rectangle twice as long as it is wide. The variety of figures possible seems 
endless, although no mathematical principles are involved. 



Dud s Li:^::xr tks - London: Thomas ** 

“A Tangram Paradox,” pp. 43-46. 

,aSgramS - *«"*« P— ) . vol. 36. 

Fourrey, E. Curio sites Geometriques. 2d ed. Paris: Vuibert & Nony, 1920. 
Loculus of Archimedes, pp. 106-9. 

Lmdgren, Harry. Tangrams. J.R.M. 3:184-92; July 1968. 

The Loculus of Archimedes. NCTM Twenty.joarth Yearbook, 1959; pp. 390-92. 

Loyd s am The Eighth Book of Tan : 7 00 Tangrams by Sam Loyd. 1903 Reprint 
New York: Dover Publications, 1968. 52 pp. (Paper) 

Mots on the Chinese Tangram. AmM-Mo. 49:596-99; Nov. 1942. 

Read l’52 0 p n p ald (Pa P er)"* ram;!: ?M Puzzles ’ New York: Dover Publications, 1965. 

S " 9 : e 4 91 L .° 9 C 9 UlUS Archimedius - ^handlunge n zur Ceschichte der Mathe- 

s uter, H. Der Loculus Archimedius oder das Systemachion des Archimedes 
Zeitschrift fur Mathematik und Physik (Leipzig), 1899. 






Chapter 4 



A A Braids, Knots, and String Figures 

Technically speaking, a knot is a set of points in space which is topologi- 
cally equivalent to a circle. More informally, one can say that a knot is a 
curve in space formed by looping and interlacing a piece of string in any 
manner whatever and then joining the ends together. Although any two knots 
are topologically equivalent, it is not always possible to deform one knot into 
the other without breaking the string. 

Abraham, R. M. Easy-to-ao Entertainments and Diversions, etc. New York: Dover 
Publications, 1961. (Paper) 

Knots, bends, and splices, pp. 103-16; string tricks and figures, pp. 69-101. 

Abraham, R. M. W inter Nights Entertainments. New York: E. P. Dutton & Co., 
1933. 

Knots and splices, pp. 103-16; string tricks, pp. 69-101. 

Amir-Moez, Ali R. Mathematics and String Figures. Ann Arbor, Mich.: Edwards 
Bros., 1965. 35 pp. 

Artin, Emil. Braids and permutations. Annals of Mathematics, 2d Ser., vol. 48, 
pp. 643-49; 1947. 

Artin, Emil. Theory of braids. Annals of Mathematics, 2d Ser., vol. 48, no. 1, 
pp. 101-26; Jan. 1947. 

Artin, Emil. The theory of braids. American Scientist, vol. 38, no. 1, pp. 112-19; 
Jan. 1950. Also in M.T. 52:328-33; May 1959. 

Artin, Emil. Theorie der Zopfe. Abhandlungen, Mathematische Seminar der Uni- 
versitat Hamburg 4:47-72; 1926. 

Ball, W. W. R., et al. String Figures and Other Monographs. New York: Chelsea 
Publishing Co., 1960. 72 pp. 

A reprint of four volumes in one. Includes Julius Petersen, “Methods and 
Theories for the Solution of Problems of Geometrical Constructions,” 102 
pp.; H. S. Carslaw, “The Elements of Non-Euclidean Plane Geometry and 
Trigonometry,” 179 pp.; and F. Cajori, “A History of the Logarithmic 
Slide Rule and Allied Instruments,” 136 pp. 

Barry, Jerome. Leopard Cat's Cradle. Garden City, N.Y.: Doubleday & Co., 1942. 

Bohnenblust, H. F. The algebraical braid group. Annals of Mathematics, (2) 
48:127-36; 1947. 
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Cll °™^' 0,1 tl,e algebraical braid group. Annuls of Mathematics, (2) 49:654-58; 
1948. * 

Coxeter, H. S. M Factor groups of the braid group. Proceedings . Fourth Canadian 
Mathematical Congress. Toronto, 1959; pp. 95-122. 

Bibliography; 25 references. 

Coxeter I . S. M. Self-dual configurations and regular graphs. Bulletin, American 
Mathematical Society 56:413-55; 1950. 

Cr ° W a e 3 H ' Knots antl w,iee,s - NCTM Twenty. eighth Yearbook , 1965; pp. 
339-54. 1 1 

Cr0 " e “’ R - and F °*> R - H. Introduction to Knot Theory. Boston: Ginn & Co.. 
1963. 182 pp. 

Bibliography; 33 references. 

Dean, Kicbard. Group theory for school mathematics. M.T. 55:98-105; Feb. 1962 
^ Ide i968 ar,)ara PathS Und kn ° tS US geometric S rou P s - Pentagon , 28:3-15; Fall 

^^PrentfceHali ° f 3 ‘ Ma " if ° lds and Rdatcd Topics - New York: 

Gardner Martin. New Mathematical Diversions from Scientific American. New 
York: Simon & Schuster, 1966. 

Group theory and braids, pp. 23-33. 

Gardner, Martin. The Unexpected Hanging. New York: Simon & Schuster, 1969. 
Knots and Borromean rings, pp. 24-33; A loop of string, pp. 198-211. 

Oilbert, ^E. N. Knots and classes of menage permutations. Scrip. M. 22:228-33; 
Bibliography. 

Haddon, Kathleen. Artists in String. London: Methuen, 1930: New York- F P 
Dutton Si Co., 1930. ‘ 

Haddon, K. String Games for Beginners. N.p.; 40 pp. 

Jayne, Caroline Furness. String Figures and How to Make Them. New York- 
Dover Publications, 1906, 1962. 407 pp. (Paper) 

Newman, M. H. A. On a string problem of Dirac. Journal, London Mathematical 
Society, vol. 17, pt. 3, no. 67, pp. 173-77; July 1942. 

Neuwirth, L. P. Knot. Groups. Princeton, N.J.: Princeton University Press, 1965 

111 pp. ’ 

An advanced research monograph dealing with “the fundamental group of 
the complement of tame polygonal knots in the 3-sphere.” 

Reidemeister, K. Knotentheorie. Berlin: Springer, 1932; New York: Chelsea 
Publishing Co., 1948; 74 pp. 

Excellent, bibliography. 

Shaw, George K. Knots, Useful and Ornamental. 
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Shepperd, J. A. H. Braids that can he plaited with their threads tied together at 
each end. Proceedings of the Royal Society, A, 265:229-44; 1962. 

Smith, Peter. Net mending as an introduction to topology. Math.Tchg. no 37 
pp. 48-51; Winter 1966. * ’ 



4.2 Flexagons 

Not infrequently a discovery or an invention develops from a purely acci- 
dental ciicumstance. This is true of the class of geometric models that can 
turn “inside-out,” i.e.. a variety of flexagons. They have been known and 
studied since 1939, when A. H. Stone, an English graduate student at Prince- 
ton, stumbled on the idea after idly folding a narrow strip of paper into a 
series of triangles. Flexagons have fascinated people ever since. 



Ball, W. W. R. Mathematical Recreations and Essays. Edited by H. S. M 
Coxeter. Macmillan Co., 1939; pp. 153-54. 

Crampin, Jean. Note on hexaflexagons. M.Gaz. 41:55-56; 1957. 

Engel, Douglas A. Flexahedrons. Rec.M.M., no. 11, pp. 3-5; Oct. 1962. 

Engel, Douglas A. Flexing rings of regular tetrahedra. Pentagon, vol. 26 no. 2 
pp. 106-8; Spring 1967. 

Engel, Douglas A. Hybrid flexahedrons. J.R.M. 2:35-41; Jan. 1969. 

Gardner, Martin. Flexa Tube Puzzle. Ibidem (A Canadian magic magazine) 
no. 7, p. 13; Sept. 1956. 

Gardner Martin. Hexaflexagons. Sci.Am. 195:162-66; Dec. 1956. Also, in 
Mathematical Puzzles and Diversions (Simon & Schuster), pp. 1-14. 

Gardner, Martin. Mathematical puzzles and pastimes. ScLAm. 202:122-23; May 

l/OO. 

Twists in flexagons. 

Gardner, Martin. The Second Scientific American Book of Mathematical Puzzles 
and Diversions. New York: Simon & Schuster, 1961. 

“Teiraflexagons,” pp. 24-31. 

Johnson, Donovan. Paper Folding foi the Math Class. Washington DC • NCTM 
1957. (Pamphlet) ’ 

How to make a hexahexaflexagram, pp. 24-25. 

Jones, Madelin. The Mysterious Flexagons. New York: Crown Publishers, 1965. 
48 pp. (Paper) 

Joseph, Margaret. Hexahexaflexagrams. M.T. 44:247-48; Apr. 1951. 

Leech, John. A deformation puzzle. M.Gaz. 39:307; Dec. 1955. 

The flexatube puzzle. 

Madachy, Joseph. Mathematics on. Vacation. Charles Scribner’s Sons, 1966. 

“Fun with paper,” pp. 55-84; deals chiefly with flexagon diversions. 
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Mminsell, F. G. The Hexagon and the hexahexaflexagram. M.Gaz. 38:213-14; 

McClellan, John. The hexahedra problem. Rec.MM., no. 4, pp. 34-41; Aug. 1961, 
Oakley, C. 0., and Wisner, R. J. Flexagons. Am.MMo. 64:143-54; Mar. 1957. 

wderr^andT 1 ^' 8 ’ ^ C ° nstruCtion details > for Aguiar flexagons ol 
™ am R - Protea " sha P ea with flexagons. Rec.MM., no. 13, pp. 35-37; 
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^^MnthT * Hexaflexa 8™ s and an introduction to the concept of limit 
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Snapshots. Rev. ed. New York: Oxford Univer- 
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Wheeler, R. F. The flexagon family. M.Gaz. 42:1-6; Feb. 1958. 
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v^rapn i neory; Networks 

The word graph” has two distinct meanings in mathematics. On the on 
an , a graph is a “curve” which represents a functional relation or som 
other relation between two or more variables. In the other sense, as used here 
graph, which may be described as a network, is simply a geometrical figure 
consistmg of a number of points and lines connecting some of these points 
On mally such linear graphs were associated chiefly with puzzles, but toda 5 
he theory of graphs and networks finds a wide variety of applications ir 
° ecular physics, electrical circuitry, transportation problems, and, in gen- 
eral, m fields such as biology, psychology and economics. 

Alfred, Brother. A-maze-ing. [No. 534.] M.Mag. 37:202-3; 1964. 
Ande A rS p ° r R! 19 ^ ra ’ and Harar ^ Frank - Trees and unicyclic graphs. M.T. 60:545-48; 

APPliCMi0nS 01 ‘ he ThCOry ° ! ^ ■ NeW York: 
Bab, :«L tttt&sxsgr Grai,hen - c — d »-** 

Berge, Claude. Theorie des Graphes et ses Applications. Paris: Dunod, 1958. 
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Blaschke, Wilhelm. Einfiihrung in die Geometrie der W aben. (Elemente der 
Mathematik vom Hoheren Standpunkt aus, vol. 4.) Basel & Stuttgart: Birk- 
hauser Verlag, 1955. 108 pp. 

Lectures on the theory of webs; highly specialized, advanced treatment. 

Busacker, R. G., and Saaty, T. L. Finite Graphs and Networks: An Introduction 
with Applications. New York: McGraw-Hill Book Co., 1965. 

Chartrand, G., and Kapoor, S. F. Starlike graphs. Am.M.Mo. 74:4^8; Jan. 1967. 

Coxeter, H. S. M. Self-dual configurations and regular graphs. Bulletin, American 
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4.4 Hamilton Circuit 

The original puzzle, attributed to Sir William Rowan Hamilton, consisted 
in finding a travel route along the edges of a regular dodecahedron, where each 
vertex represented a different city, in such a way as to pass through each city 
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just once. Instead of the dodecahedron one cat. use a planar graph isomorphic 
to the graph formed by the edges of the dodecahedron. Thus a Hamilton line 
in a graph is a circuit that passes through each vertex exactly once, although 
it does not, in general, cover all the edges. ° 

Ca, t«dL24r2m-l2frm ' iamil,oniens des grapl,es complets - 
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Bag er A., and Jacobson R. A. Number of squares and rectangles on a chess 
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4.6 Map-Coloring Problems 

“Considering the fame and tender age of the four-color conjecture, our 
knowledge of its origins is surprisingly vague. ... If cartographers are aware 
of the four-color conjecture, they have certainly kept the secret well. But their 
lack of interest is quite understandable. . . . Moreover, the coloring of a geo- 
graphical map is quite different from the formal problem posed by mathe- 
maticians. . . . The four-color conjecture cannot claim either origin or 
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4,8 The Moebius Strip 

A mathematician confided 
That a Mobius band is one-sided, 

And you’ll get quite a laugh 
If you cut one in half 
For it stays in one piece when divided. 

Alexandroff, Paul. Elementary Concepts of Topology. New York: Dover Publica- 
tions, 1960. 

Page 62: A conic section is cut from a projective plane, and a Moebius 
strip remains. 

Barr, Stephen. How to get imo an argument with a Moebius stripper. Rec.M.M., 
no. 7, pp. 28-32; Feb. 1962. 

Clever skit based on the Moebius strip. 

Brooke, M., and Madachy, J. S. Some absolutely amazing Afghan bands. Rec.M.M., 
no! 1, pp. 47-50; Feb. 1961. 

Interesting properties of the Moebius strip. 

Courant. II., and Robbins, H. What Is Mathematics? 3d ed. New York: Oxford 
University Press, 1945. 

Popular account of the Moebius strip, the cross cap, and the Klein bottle. 
Also, reprinted in Newman, World of Mathematics, vol. 1. pp. 595-99. 

Coxeter, H. S. M. Map coloring problems. Scrip.M. 23:11-25; 1957. 

Application to Moebius rings and Klein bottles. 

Deutsch. A. J. A subway named Moebius. Astounding Science Fiction, Dec. 1950. 

Fadiman. Clifton. Fantasia Mathematica. New York: Simon & Schuster, 1958. 
298 pp. 

Contains a number of humorous pieces based on the Moebius band, includ- 
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ing “The No-sided Professor” M. Gardner; “A. Botts and the Mdhius 
Strip,” \V. H. Upson; “A Subway Named Moebius,” A. J. Deutsch. 

Gardner, Martin. Mathematical Games. Sci.Am.; Sept. 1961. 

Paper model of a single surface free of self intersection that has three edges 
linked in the manner of Borromean rings. 

Gardner, Martin. Mdhius hand with a triangular edge. Sci.Am .; June 1957. 

Gardner, Martin. “The No-Sided Professor.” In The Best from Fantasy and Sci- 
ence Fiction. Boston: Little Brown & Co., 1952. 

A fantasy based on the Moebius strip; originally appeared in Esquire. 
Jan. 1947. 

Gardner, Martin. Topology and magic. Scrip. M. 17:75-83; 1951. 

Discussion of Afghan bands. See also, Mathematics, Magic, and Mystery 
(M. Gardner), Chapter 5. 

Gardner, Martin. Two variations of the Afghan hand tricks. Ilugard’s Magic 
Monthly, Dec. 1949. 

Gardner, Martin. The World of the Moebius strip. Sci.Am. 219-112-15- Dec 
1968. 

Goldberg, Michael. The squaring of developable surfaces. Scrip.M 18-17-24- 
1952. 

A Moebius stiip is divided into squares, no two of which are the same size. 

Grimes, Lester. Cutting a strip into a chain of five bands. Annual of Magic 
1938-39; also in Magic Wand, Oct. 1949. 

Hayward, Roger. Some studies of the Moebius tape and the Moebius rin^s 
Rec.M.M., no. 10, pp. 12-16; Aug. 1962. 

The intersection of an infinitely wide Moebius strip with itself. 

Hering, Carl. A flat band with only one surface and one edge. ScLAm Feb 21 
1914; p. 156. ’ ‘ 5 

An early popular description ; the author took the trouble to cut out 
wooden models. 

Klein, Felix. Elementary Mathematics from an Advanced Standpoint. 3d ed. 
New York: Dover Publications, 1939. 

Technical discussion of Moebius discovery of one-sided surfaces, pp. 17-20. 

Klein, Felix. Uber Selbstspanmmg ebener Diagramme. Mathematische Annalen 
67:438; also, Gesammelte Mathematische Ahhandlungen 2:642. Berlin. 1922. 
Concerning the Moebius phenomena. 

Kraitchik, Maurice. Mathematical Recreations. 2d ed. New York: Dover Publi- 
cations, 1953. 

Fairy chess on a Moebius band, p. 277. 

Lefschetz, Solomon. Introduction to Topology. Princeton, N.J.: Princeton Uni- 
versity Press, 1949. 

The Jordan curve theory on a Moebius strip, p. 80. 
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Listing, J. B. Vorstudien zur Topologie, part 10. Gottingen: Die Studien 1847 

to “ 

MSb 2rt voi°2- ^X7m-l n m lhe volume of a polyhedro "- CM '«' d 
Nelson, James. The Sphinx, Dec. 1926. 

locking^ands ** Prepared S ° t,mt two cuts P r0(luce a chain of three inter- 

Pedersen, Jean J. Dressing up mathematics. M.T. 61:118-22; Feb. 1968. 

Use of a one-sided surface for making a garment in which the wearer never 
touches the inside of the garment while wearing it. 

B ^tript C0m T nali0na ir T0 , PC,l0gy concernin g the R e^tion of Self-Penetrations 
Jan M l%r T S ' Mathematics Student Journal, vol. 10, no. 2, pp. 4-5; 

Scheffers, G. Die Thcoric der Flachen, vol. 2, 2d ed. Leipzig, 1913. 

Moebius strip, pp. 41-43. 

S,S 1t r L, D 52^“l899 er einSei,ige " F15C " en - *— 

SlUr Nov:i949 Cd ° re ’ Wha ‘ Dead Me " Teli - Astoandin e Fiction p. 122; 

A fantasy that takes place inside of a hollow Moebius square prism. 

Tissandier, Gaston. Les Recreations Scientifiques. Paris, 1881. 

One of the early references to the cutting of Moebius strips as part of a 
magic act. 1 

Tuckerman, Bryant. A non-singular polyhedral Mobile band whose boundary is 
a triangle. AmM.Mo. 55:309-11; May 1948. 5 ,s 

Description of three polyhedral forms. 

UP To’«™i!!' vol H 2 PaU 9 "7T Ver T the COnVeyor belL Mathematics Student 
Journal, vol. 2, no. 2, p. 1; Apr. 1955. 

Reprint of an article in Ford Times, July 1949. 

Webersmith, J. C. The red muslin band trick. The Magic World, Sept. 1923 

„ ba " d ; 5 l 7 in to make two bands. One of these bands is torn to 
produce two linked bands; the other, when torn, forms a single large band. 

4.9 Paper Folding— Origami 

Folding paper to form plane geometric figures and three-dimensional ob- 
lects implies that only paper and pencil are used-no scissors or other tools 
nus geometric paper folding differs from toy paper folding. Thus it is pos- 
stble, by simply folding and creasing, to perform all the basic constructions of 
p anc Euclidean geometry that can be executed with the compass and straight- 
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Origami, the age-old Japanese art of paper folding, is concerned with 
creating picturesque objects, say a lantern, a swan, a fan, or a sailboat. Some 
Japanese children become so expert that they can make an object by starting 
with a piece of paper one inch square. In recent years, origami has aroused 
considerable interest in America. 

Abraham, R. M. Easy-to-do Entertainments and Diversions, etc. New York: Dover 
Publications, 1961. (Paper) 

Paper folding, pp. 21-48. 

Abraham, R. M. Winter Nights Entertainments. New York: E. P. Dutton & Co., 
1933. 

Paper folding, pp. 26-63. 

Amir-Moez, A. R. Folding a square into odd numbers of subsquares. S.S.M. 
68:377-79; May 1968. 

Association of Teachers of Mathematics (England). Paper Folding. Mathematics 
Teaching Pamphlet, no. 8. Kent, England, 1963. 8 pp. 

Reprint of an article in Math.Tchg., no. 14, by R. M. Fyfe. 

Campbell, Margaret W. Paper Toy Making. Pitman, 1937. 

Gardner, Martin. The Second Scientific American Book of Mathematical Puzzles 
and Diversions. New York: Simon & Schuster, 1961. 

Origami, pp. 174-85. 

Harbin, Robert. Paper Magic: The Art of Paper Folding. Oldbourne Press, 1956. 

Honda. Isao. How to Make Origami. McDowell Oblensky, 1959. 

Johnson, Donovan A. Paper Folding for the Mathematics Class. Washington, D.C.: 
NCTM, 1957. 36 pp. 

Kallop, Edward. Plane Geometry and Fancy Figures: An Exhibition, of the Art 
and 7 cchniquc of Paper Folding. New York: Cooper Union Museum, 1959. 

Lockhart, Alfred. Construction of conic sections by paper folding. S.S.M. 
7:595-97; Oct. 1907. 

Loe, Gerald M. Paper Capers. Chicago: Ireland Magic Co., 1955. 

Massoglia, Elinor. Fun-Time Paper Folding. New York: Grosset & Dunlap, 1959. 
31 pp. 

Japanese methods simplified for children. 

Murray, William, and Rigney, Francis. Paper Folding for Beginners. New York: 
Dover Publications, 1960. 95 pp. (Paper) 

A revision of Fun with Paper Folding, F. H. Revell Co., 1928. 

Ogilvy, C. Stanley. Conics by paper-folding, Rec.M.M., no. 1. pp. 22-25; Feb. 
1961. 

Randlett, Samuel. The Art of Origami: Paper Folding, Traditional and Modern. 
New York: E. P. Dutton & Co., 1961. 
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liow. T. Sundara. Geometric Exercises in Paper Folding. New York: Dover Publi- 
cations. 1966. 148 pp. 



Sakade, Florence. Origami: Japanese Paperfolding. Rutland. Vt.: Charles E. 
Tuttle Co., Book 1. 1957, 32 pp.; Book II, 1958. 32 pp.: Book III. 1959, 32 pp. 
(Paper) 

Beautifully illustrated in color. 



Sakade. Florence. Origami Storybook. Rutland, Vt. : Charles E. Tuttle Co.. 1960. 
Starr, hrederick. The art of paper folding in Japan. Japan, Oct. 1922. 



4.10 Polyominoes; the Soma Cube 

Polyominoes were unknown until 1954. when they were introduced by 
Solomon Golomb in an address before the Mathematics Cluh at Harvard Uni- 
versity. Since then they have become widely known, appealing to puzzle 
enthusiasts and professional mathematicians alike. 

The Soma cube was invented by the contemporary Danish writer Piet Hein, 
who also invented the games of Hex and Tac Tix. The Soma pieces more or 
less comprise a three-dimensional analog of the Chinese tangram. Soma con- 
structions involve spatial imagination and raise many interesting problems 
in combinatorial geometry. 

Anderson, Jean II. Polyominoes — the “Twenty” problem. Rcc.M.M., no. 9 pp 
25-30: June 1962. 

Berryman. J. P. An investigation. Math.Tchg., no. 39, pp. 37-38; Summer 1967. 
Brief note on hexominoes. 

Dawson. T. R., and Lester, W. E. A notation for dissection problems. Fairy Chess 
Review 3:46-47; Apr. 1937. 

Polyomino constructions. 

Dudeney, H. E. The Canterbury Pu zz les. New York: Dover Publications, 1958. 
Problem 74: “The Broken Chessboard,” pp. 119-20. 

Feser, Fr. Victor, O.S.B. Pentomino farms. J.R.M. 1:55-61: Jan. 1968. 

Fujimura. Kobon. Tatami puzzles. J.R.M. 1:36-37; Jan. 1968: Solution. J.R.M. 
1:241; Oct. 1968. 

Gardner, Martin. Colour triangles. Sci.Am.. Oct. 1968. 

Gardner, Martin. Mathematical games: Polyominoes. Sci.Am. 196:150-56- May 
1957. 

Gardner. Martin. More about complex dominoes. Sci.Am. 197:126-29; Dec. 1957. 

Gardner, Martin. A game in which standard pieces composed of cubes are as- 
sembled into larger forms. (Soma cubes). Sci.Am. 199:182-88; Sept. 1958. 
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Gardner, Martin. More about the shapes that can lie made with complex dominoes. 
Sci.Am. 203:186-9-1-; Nov. 1960. 

Gardner, Martin. On polyiamonds: shapes that are made out of equilateral tri- 
angles. Sci.Am. 211 : 124— 30; Dec. 1964. 

Gardner, Martin. Pentomino game, and other polyomino recreations. Sci.Am. 
213:96-104; Oct. 1965. 

Gardner, Martin. The polyhex and the polyabolo; polygonal jigsaw puzzles. 
ScLAm. 216:124-32; June 1967. 

Pentahexes. tetrahexes. and tetraboloes. 

Gardner, Martin. Some puzzles based on checkerboards. Sci.Am. 207:151-59; 
Nov. 1962. 

Gardner, Martin. New Mathematical Diversions from Scientific American. New 
York: Simon & Schuster, 1966. 

Polyominoes and fault-free rectangles, pp. 150-61. 

Gardner, Martin. The Scientific American Book of Mathematical Puzzles and 
Diversions. New York: Simon & Schuster, 1959. 

Chapter 13: “Polyominoes,” pp. 124-40. 

Gardner, Martin. The Second Scientific American Book of Mathematical Puzzles 
and Diversions. New York: Simon & Schuster, 1961. 

Chapter 6: “The Soma Cube,” pp. 65-77. 

Golomb, Solomon W. Checkerboards and polyominoes. Am.M.Mo. 61:675-82; 
Dec. 1954. 

Golomb, Solomon W. The general theory of polyominoes. Rec.M.M., no. 4, pp. 
3-12; no. 5, pp. 3-12; no. 6. pp. 3-22: no. 8. pp. 7-16. Aug.. Oct., Dec. 1961; 
Apr. 1962. 

Golomb, Solomon W. Polyominoes. New York: Charles Scribners Sons, 1965. 

182 pp. 

Bibliography. 

Golomb, Solomon W. Tiling with polyominoes. Journal of Combinatorial Theory , 
vol. 1, no. 2, pj). 280-96; Sept. 1966. 

Hunter, J. A. H., and Madachy, Joseph S. Mathematical Diversions. Princeton, 
N.J.: D. Van Nostvand Co., 1963. 

Chapter 8: “Fun with Shapes,” pp. 77-89. 

Kelly, J. B. Polynomials and polyominoes. Am.M.Mo. 73:464-71; May 1966. 

Madachy, Joseph. Recreational mathematics: A pentomino tiling problem. Fib.Q . 
6:163-64; Apr. 1968. 

O’Beirne. T. II. For boys, men and heroes. (Column 51). Neiv Scientist, no. 266, 
pp. 751-52; Dec. 21, 1961. 

O Beirne, T. H. Pcntominoes and liexiamonds. (Column 44). New Scientist, 
no. 259, pp. 316-17; Nov. 2, 1961. 
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0 Beirne, T. H. Some hexiamond solutions and an introduction to a set of 25 

remarkable points. (Column 45). New Scientist , no. 260, pp. 379—80 ; Nov 
9, 1961. 5 

O’Beirne, T. H. Some tetrabolical difficulties. (Column 55). New Scientist, no. 
270, pp. 158-59; Jan. 18, 1962. 

Parker, John, et al. Tessellations. Math.Tchg., no. 40, pp. 17-20; Autumn 1967. 
Deals with tetrominoes and octominoes. 

Patton, Robert L. Pentomino farms. J.R.M. 1:234-35; Oct. 1968. 

A Pavement of Tetrominoes. [Problem E1786.] Am.M.Mo. 73:673; 1966. 

Polyominoes— the “Twenty” Problem and Others. Rec.M.M., no 10 pp 25-28* 
Aug. 1962. ’ 

Read R C. Contributions to the cell growth problem. Canadian Journal of 
Mathematics 14:1-20; 1962. 

Reeve, J. E., and Tyrrell, J. A. Maestro puzzles. M.Gaz. 45:97-99; 1961. 

Rogers, Leo. Thinks on a triangle. Math.Tchg., no. 47, pp. 17-18; Summer 1969. 
Notes on polyiamonds. 

Skidell, Akiva. Polyominoes and symmetry. A.T. 14:353, 382; May 1967. 

Spir ^ c R °J ) c er ^ / . ^possibility of covering a rectangle with L-hexominos. Am.M.Mo 
75:785-86; Aug.-Sept. 1968. 

Stead, W. Dissection. Fairy Chess Review 9:2-4; Dec. 1954. 

Thirty-eight pentomino and hexomino constructions. 

Torbijn, P J A pentomino puzzle. J.R.M. 1:38; Jan. 1968. Solution. 1:242; 
Oct. 1968. 

Trigg, Charles W. [Problem #3120.] In how many different ways can a monomino, 
a domino, a trommo, a tetromino, and a hexomino be assembled into a square? 
S.S.M. 68:78-79; Jan. 1968. 

Trigg, Charles W. [Problem 3158.] S.S.M. 68:672; Oct. 1968. 

Covering a checkerboard with trominoes. 

Trigg, Charles W. Tromino fault lines. M.Mag. 41:214-16; Sept. 1968. 

Underwood, Val. Polyominoes. Math.Tchg., no. 41, pp. 54-57; Winter 1967. 

Walkup, D. W. Covering a rectangle with T-tetrominoes. Am.M.Mo. 72:986-88* 
1965. ’ * ’ 

Walter, Marion. Polyominoes, milk cartons, and groups. Math.Tchg., no. 43, pp 
12-19; Summer 1968. 



4. 1 1 Polytopes 

Strictly speaking, polytopes and polyhedra are geometrical rather than 
topological figures, and have been included here only for convenience. A 
polytope is a geometrical figure bounded by portions of lines, planes, or 
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hyperplanes; in Iwo dimensions, it is a polygon; in three dimensions, a poly- 
hedron. Beside tessellations and star polygons, regular, semi-regular, and star 
polyhedra, generalized polytopes include zonohedra, kaleidoscopes, and fig- 
ures in spaces of more than three dimensions. Graph theory, networks, and 
group theory are intimately associated with the general theory of polytopes. 

Bilinski, Stanko. Coer die Rhombenisoeder. Glasnik 15:251-63; 1960. 

Chilton, B. L., and Coxeter, H. S. M. Polar zonohedra. Am.M.Mo. 70:946-51; 
Nov. 1963. 

Coxeter, H. S. M. The classification of zonohedra by means of projective dia- 
grams. Journal of Mathematics, Pure & Applied 41:137-56; 1962. 

Coxeter, H. S. M. The poly tope 221, whose 27 vertices correspond to the lines on 
the general cubic surface. American Journal of Mathematics 62:457-86; 
1940. 

Coxeter, H. S. M. Regular Poly topes. New York: Macmillan Co., 1963. 321 pp. 
Extensive bibliography (nearly 200 references). 

Edgcombe, Gerald. Solids of zero volume; or solids, nolids and tabids. Math.Tc.hg., 
no. 34, pp. 54-57; Spring 1966. 

Emde, H. Homogene Polytope. Mathematical Reviews, 21:1105; 1960 (No. 5929). 

Franklin, C. H. H. Hypersolid concepts, and the completeness of things and 
phenomena. M.Gaz. 21:360-64; 1937. 

Gott, J. R. III. Pseudopolyhedrons. Am.M.Mo. 74:497-504; May 1967. 

Grunbaum, Branko. Convex Polytopes. New York: John Wiley & Sons, 1967. 
470 pp. 

The combinatorial theory of convex poiytopes; general theory in dimensions 
greater than three — for the specialist. Bibliography. 

Shephard, G. C. Regular complex polytopes. Proceedings, London Mathematical 
Society, vol. 3, no. 2, pp. 82-97; 1952. 

Steinitz, E. Polyeder und Raumeinteilungen. Encyclopedic der Mathematische 
Wissenschaften III AB12, Leipzig, 1916. 

Steinitz, E. V orlesungen liber die Theoric der Polyeder unter Einschluss der 
Elemente der Topologie. Berlin: Springer, 1934. 351 pp. Reprint. Ann 
Arbor, Mich.: Edwards Bros., c.1944. 

Yaglom, I. M., and Boltyanskii, V. G. Convex Figures. New York: Rinehart & 
Winston, 1961. 



4.12 Regular Polyhedrons 

The five so-called Platonic solids, regarded by the Greeks as perfect figures, 
were destined to plcy a role in cosmogony. For the ancients, four of these 
solids represented the primordial elements: earth, fire, water, air; the fifth, 
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the dodecahedron, represented the heavens. Many centuries later the great 
astronomer Kepler was also fascinated by these polyhedrons and the mysteries 
of the planets. 



Amir-Moez, A. R. Regular pentagon and quadratic equation. S.S.M. 60:733-35; 
Dec. 1960. 



Aj) Simon. H. C. Almost regular polyhedra. M.Gaz. 40:81-85; 1956. 

Archibald, R. C. Gauss and the regular polygon of seventeen sides. AmM.Mo 
27:323-26; 1920. 



Ball. W. W, R., and Coxetc-r, H. S. M. Mathematical Recreations and Essays. New 
York: Macmillan Co., 1956. 

Chapter 5: “Polyhedra.” 

Bassetti, F. ; Ruchlis, H.; and Malament, D. Math Projects: Polyhedral Shapes. 
Brooklyn. N.Y.: Book-Lab, 1968. 48 pp. 

Berryman, J. P. An investigation. Math.Tchg., no. 39, pp. 37-38; Summer 1967. 
A brief note on nets of regular polyhedra. 



Biirnsen, Hans. Das geheime Gcsctz des Siebenecks. Stuttgart: Verlag Freies 
Geisteleben, 1965. 56 pp. 

Constructions of the regular heptagon based on an isosceles triangle with 
base r and sides rs/l. 

Bricard, R. The deformable octahedron. Liouvillc’s Journal 3:113-48; 1897. 

Cadwell, J. H. Topics in Recreational Mathematics. Cambridge University Press. 
1966. 



“Regular Polyhedra,” pp. 1—11; “Nested Polygons” pp. 22-31. 

Callahan. F. P., et al. Expected distance between vertices of a dodecahedron. 
[Problem E1897]. AmM.Mo. 74:1008-10: Oct. 1967. 

Charrueau. A. Complexes Lineaires. Paris: Gauthier-Villars, 1952. 83 pp. 
Bibliography. 

Chilton, Bruce L. The 202 octagons. M.Mag. 40:206-9; Sept. 1967. 

Chilton, Bruce L. The stellated forms of the sixteen-cell. AmM.Mo. 74-372-78- 

Apr. 1967. 



Cooke, Charles J. Nets of the regular polyhedra. Math.Tchg., no. 40, pp. 48-52- 
Autumn 1967; no. 41, p. 29, Winter 1967. 

Coxeter. H. S. M. Introduction to Geometry. New York: John Wiley & Sons 1961 
443 pp. 

Chapter 2: “Regular Polygons,” deals with cyclotomy, angle trisection, 
isometry, symmetry, groups, the kaleidoscope, reflections, star polygons'. 
Chapter 10: The hive Platonic Solids,” deals with pyramids, prisms, and 
antiprisms; drawings and models; Euler’s formula; radii and angles: 
reciprocal polyhedra. 

Coxetei, II. S. M. Uniform Polyhedra. London: Cambridge University Press. 1954. 
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Coxeter, II. S. M. : Du Val; Flallier; and Petrie. The Fifty-nine Icosahedra. Uni- 
versity of Toronto Studies (Math. Series), no. 6; 1938. 

Coxeter, II. S. M.; Longuct-Higgins, M. S.; and Miller, J. C. P. Uniform poly- 
liedra. Philosophical Transactions, Royal Society of London, series A, no. 196, 
vol. 246. pp. 401-50; May 1954. 

Cundy, II. Martyn, and Rollett. A. P. Mathematical Models. New York: Oxford 
University Press, 1967. 286 pp. 

Domoryad, A. P. Mathematical Gaines and Pastimes. New York: Pergamon Press. 
1964. 

Models of polyhedra, pp. 193-201: Regular polygons from rliombi, pp. 
142-44. 

Du Val, Patrick. Pornographies, Quaternions and Rotations. Oxford Mathemati- 
cal Monographs. Oxford: Clarendon Press, 1964. 116 pp. 

Ede, J. D. Rhombic triaeontahedra. M.Gaz. 340:98-100; 1958. 

Rhrenfeucnt, Aniela. 1 he Cube Made Interesting. New York: Pergamon Press, 

1964. 83 pp. 

Unusual exposition of properties of the cube and its relation to other poly- 
hedrons; contains a number of anaglyphs giving stereo effect; shows how 
a bigger cube can slide through a smaller one. 

Engel. Arthur, et al. Expected distances between the vertices of a dodecahedron. 
[Problem E1752]. Am.M.Mo. 73:200; 1966. 

Engel, Douglas A. Flexing rings of regular tetrahedra. Pentagon 26:106-8; 
Spring 1967. 

Eves, Howard. A geometry capsule concerning the five Platonic solids. M.T. 
62:42-44; Jan. 1969. 



Fedorov. E. S. Nachala Ucheniya o Figurah. Leningrad, 1953. 

Fejes Toth, L. Regulate Figuren. Budapest: Akademiai Kiado. 1965. 316 pp. 

Fejes loth, L. Regular Figures. New York: Oxford University Press, 1963; 
Pergamon Press (Macmillan), 1964; 339 pp. 

Gardner, Martin. The Second Scientific American Rook of Mathematical. Puzzles 
and Divisions. New York: Simon & Schuster, 1961. 

“The Five Platonic Solids,” pp. 13-23. 

Gardner, Martin. Magic stars. Sci.Am. 213:100-103; Dec. 1965. 

Regular polygons and polyhedrons, etc. 



Gardner, Martin. Mathematical games: 
solids. Sci.Am., vol. 199, no. 6, pp. 



diversions which involve the five Platonic 
126-32; Dec. 1958. 



Gardner, Martin. Tel 
ing tetrahedrons. 



rahedrons in nature and in architecture, and puzzles involv- 
Sci.Am. 212:112-16; Feb. 1965. 



Goldberg, Michael. New equilateral polyhedra. Am.M.Mo. 43:172-74; 1936. 
Goldberg, Michael. Polyhedral faces. M.Mag. 39:248; Sept. 1966. 
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Graesser, R. F. Another dodecahedron calendar. S.S.M. 67:400; May 1967. 
Describes the rhombic dodecahedron. 

Graesser, R. F. Plastic and string models of regular solids. S.S.M. 58:367-70; 
May 1958. 

Graesser, R. F. Still another dodecahedron calendar. S.S.M. 68:522; June 1968. 

Graziotti, Ugo Adriano. Polyhedra: The Realm of Geometric Beauty. University 
of San Francisco: the Author, 1962; 37 pp. 

One thousand autographed copies; colored folded plates with commentaries. 

Hope, C. The nets of the regular star-faced and star-pointed polyhedra. M.Gaz. 
35:8-11; 1951. 

Keough, John J. Interest in the tetrahedron. M.T. 56:446-48; Oct. 1963. 

Kepler, Johannes. The Six-Cornered Snoivflake. Edited and translated by Colin 
Hardie et al. New York: Oxford University Press, 1966. 76 pp. 

Unique discussion of various topics: convex polyhedra, Archiinedian solids, 
close-packing of spheres, Platonic solids, etc. 

Klein, Felix. Lectures on the Icoshedran and the Solution of Equations of the 
Fifth Degree. New York: Dover Publications, 1956. 289 pp. (Paper) 

Lines, L. Solid Geometry. New York: Dover Publications, 1965. 

Chapter 11, “Polyhedra”; Chapter 12, “Semiregular and Star Polyhedra.” 
Luke, D. Stellations of the rhombic dodecahedron. M.Gaz. 337:189-94; 1957. 

Luysternik, L. A. Convex Figures and Polyhedra. New York: Dover Publications, 
1963. 176 pp. (Paper) 

An English translation of a work which appeared in Russian in 1956. 

McClellan, John. The construction of skeletal polyhedra. M.T. 55:106-11; Feb. 
1962. 

McClellan, John. Polyhedra enumeration. J.R.M. 2:2; Jan. 1969. 

McClellan, John. Polyhedra proliferation. J.R.M. 1:152; July 1968. 

Topological equivalents of the five Platonic polyhedra cut from a given 
convex solid. 

Moore, D. T. The deltahedra in elementary geometry. Math.Tchg., no. 21, pp. 
28-32; Winter 1962. 

Pargeter, A. R. Plaited polyhedra. M.Gaz. May 1959, pp. 88-101. 

Perisho, Clarence. Colored polyhedra: a permutation problem. M.T. 53:253-55; 
Apr. 1960. 

Phillips, J. P. The history of the dodecahedron. M.T. 58:248-50; 1965. 

The Platonic Solids. [Problem E2053.] Am.M.Mo. 76:192; Feb. 1969. 

Gives areas and volumes of the Platonic solids when inscribed in a unit 
sphere. 

Polyhedra. Indiana School Mathematics Journal , Oct. 1967, pp. 1-5. 
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Shuttlesworth, J. C. The use of enrichment materials in secondary mathematics. 
Secondary Education 6:210-12; Dec. 1937. 

Construction of polygons and polyhedrons. 

Smith, D. V. Nets of the octahedron and the cube. Math.Tchg., no. 42, pp. 60-63; 
Spring 1968. 

Steinhaus, H. Mathematical Snapshots. New York: Ox! ~d University Press. 1960. 

Chapter 7, “Cubes, Spiders, Honeycombs, and bricks”; Chapter 8, “Pla- 
tonic Solids, Crystals, bee’s Heads, and Soap.” 

Thatcher, R. The rhombic dodecahedron. Math.Tchg., no. 44. p. 4-8: Autumn 
1968. 

Tietze, H. Famous Problems of Mathematics. New York: Graylock Press, 1965. 
“The Regular Polygon of 17 Sides,” pp. 182-210. 

Trigg, Charles W. A collapsible model of a tetrahedron. Mathematics Student 
Journal, vol. 2, no. 1, p. 1; Feb. 1955. 

Trigg, Charles W. Folding an envelope into tetrahedra. Am.M.Mo. 56:410-12; 
June-July 1949. 

Trigg, Charles W. Geometry of Paper Folding II: Tetrahedral Models. S.S.M. 
54:688-89; Dec. 1964. 

Vanderpool, Donald. Regular polygons from knotted strips. RecM.nl., no. 10. 
pp. 3-4: Aug. 1962. 

Wahl, M. Stoessel. Easy-to-paste solids. A.T. 12:468-71; Oct. 1965. 

Wenninger, M. J. Polyhedron Models for the Classroom. Washington, D.C.: 
NCTM; 1967. 48 pp. (Paper) 

Wenninger, M. J. The world of polyhedra. M.T. 58:244-48; 1965. 

Wenninger, M. J. Some facts about uniform polyhedra. Summation (ATM), 
vol. 11, no. 6, pp. 33-35: June 1966. 

Weyl, H. The elementary theory of convex polyhedra. In Contributions to the 
Theory of Games, Annals of Mathematics Studios no. 24. Princeton, N.J.: 
Princeton University Press, 1950. 

Yates, Robert C. Regular polygons. M.T. 55:112-16: Feb. 1962. 

Young, Frederick II. The nature of the regular polyhedra, etc. In Topics in 
Mathematics. Boston : Ginn & Co.. 1961. (Pamphlet) 

Yu, Mark. Volumes of two regular polyhedra. Mathematics Student journal, vol. 
13, no. 4, pp. 3-4; May 1966. 

Gives formulas for the volu'u ->• /he regular dodecahedron and the regular 
icosahedron. 



4.13 Tessellations — Parquetry — Packing Problems 

Tessellations, or infinite plane-fillings by polygons, are closely related to 
repealing designs, parquetry, and other aspects of ornamentation. Exactly 
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eleven distinct uniform plane tessellations are possible; only three of these are 
regular, i.e., all the polygons involved t tiles) are regular polygons, arid identi- 
cal. In the remaining eight tessellations, which involve the use of unlike 
regular tiles, the same number and kind of polygons (triangles, squares, etc.) 
are used at each vertex. For example, the tessellation with four triangles and 
a hexagon at each vertex has some interesting properties. 

BoIIobas. B. Filling the plane with congruent convex hexagons without over- 
lapping. Annals Universitatis Scicni laruni Iludepestinensis , 1963. 

Brmjn. N. C. de. Filling boxes with bricks. Am.tM.Mo. 76:37—40 ; Jan. 1969. 
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Cadwell. J. H. Topics in Recreational Mathematics. Cambridge University Press 
1966. 

Repeating ornament, pp. 122-29. 
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Coxeter. II. S. M. Introduction to Geometry. New York: John Wiley & Sons. 1961. 
Close packing of equal spheres, pp. 405-11. 

Coxeter, II. S. M. Close packing and froth. Illinois Journal of Mathematics vol 
2, no. 48, pp. 746-58: 1958. 
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Construction of parquets, pp. 149-57. 
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5.4 The Magic Knight's Tour 

Among the many recreations involving a chessboard, perhaps the most 
popular concerns the problem of moving a knight in such a way that succes- 
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sive moves cover each square once and only once. A closely related and 
somewhat more formidable problem is to devise a ‘"magic' 5 knight’s tour on 
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5.5 Latin Squares and Euler Squares 

Although neither of these are magic squares, it is convenient to include them 
at this point. 

A Latin square of the riP* order is a square array of nr cells (n. row’s and n 
columns) in which nr letters consisting of n a' s. and n 6’s, . . . are arranged 
in the cells so that the n letters in each row and in each column are different. 
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An Euler square of order n is a square in which the cells are filled with n 
elements of one kind: a\, a», ... a, , and n elements of a second kind: b\ b*, . . . 
b„ in such a way that — 

1- each cell contains one element of each kind; 

2. each element of the first kind is paired with each element of the second 
kind exactly once; 

3. each row' and each column contains all the elements of both kinds. 

An Euler square may thus be regarded as an appropriate combination of two 
Latin squares. 
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evolved from a famous problem of Euler’s, according to which thirty-six 
officers of six different ranks and six different regimeM, are to be arranged 
in a square so that each row and column contained six officers from different 
regiments and of different ranks. The problem has no solution, since it has 
been shown that no Euler squares of order 6 exist. 
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6.1 Pythagorean Recreations 

J he Pythagoiean web of ideas does not form a precise or perfect design. 
There are dangling threads and ragged edges. But the whole thing hangs to- 
gether and even the loose threads may gather dew drops which light up in 
the sun.”— Evans G. Valens : The Number of Things; Pythagoras, Geometry 
and Humming Strings. 
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6.3 Pythagorean Triples 

If any two terms of a Pythagorean triple are relatively prime, then the 
triple is primitive; e.g., 3, 4, 5; 5, 12, 13; 8, 15, 17. Any integer which 
divides two terms of a Pythagorean triple also divides the third term. It is no 
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9.1 Tic-Tac-Toe 
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devices. 
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9.2 The Fifteen Puzzle 

The Fifteen Puzzle, also known as the Boss Puzzle (in French, diablotin or 
jeu de taquin ), became popular in Europe about 1880. Its origin is uncertain, 
although it has been attributed to Sam Loyd (1878). Square counters num- 
bered 1 to 15 are placed in a shallow square tray which holds just sixteen 
such counters. Initially placed in the tray in random order, the puzzle is to 
rearrange them (by sliding only) in numerical order, with the blank space 
remaining in the lower right hand corner. If the blank space has to be 
“moved” through an odd number of spaces, the solution is impossible. 

Theoretically, the puzzle can be extended to a tray of m X n spaces with 
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le sixteen pieces of the two players are governed by equations whose 
variables take on only certain integral values. 

Falkener, Edward. Games Ancient and Oriental and How to Play Them. New 
York: Dover Publications, 1961. 

The Knight’s Tour, pp. 309-18; 345-56. 

Gardner, Martin. New Mathematical Diversions from Scientific American. New 
York: Simon & Schuster, 1966. 

Board games, pp. 70-81. 

Gardner, Martin. Board games. Sci.Am. 209:124-30; Oct. 1963. 

Gardner, Martin. Chess knight’s move. Sci.Am. 217:128-32; Oct. 1967. 

Gardner, Martin. The Unexpected Hanging. New York: Simon & Schuster. 1969. 

“The Eight Queens and Other Chessboard Diversions,” pp. 186-97. 

Gardner, Martin. Hexapawn. Sci.Am .: May 1962. 
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Cardner, Martin. The mathematical game of Hex. In Chips from the Mathe- 
matical Log, Mu Alpha Theta. 1966; pp. 7-8. 

Gibbins, N. M. Chess in three and four dimensions. M.Caz. 28:46-50; May 1944. 

Golomb. Solomon W. Checkerboards and polyoininoes. Am.M.Mo. 61:675-82; 
1954. 

Golomb, Solomon W. Of knights and cooks, and the game of checkers. J.R.M. 
3:130-38; July 1968. 

Hagis, Peter. A fair exchange. Rec.M.M., no. 11, p. 41 ; Oct. 1962. 

Hoffman, E. J.. Loessi, J. C., and Moore. II. C. Constructions for the solution of 
them queens problem. M.Mag. 42:66-72; Mar. 1969. 

Iyer. M. R., and Menon, V. V. On coloring the n X n chessboard. Am.M.Mo. 
73:721-25; Aug.-Sept. 1966. 

Klarner. D. A. The problem of reflecting queens. Am.M.Mo. 74:953-55; Oct. 
1967. 

Kraitchik, Maurice. Mathematical Recreations. Rev. ed. New York: Dover Pub- 
lications, 1953. 

Chapter 10. 

Langman, Harry. A problem in checkers. Scrip.M. 20:206-8; 1954. 

Describes a game of solitaire with checkers. 

Lasker, Edward. Go and Go-moku: The Oriental Board Games. New York: Dover 
Publications, 1960. 215 pp. (Paper) 

Lucas. Edouard. Recreations Mathematiques. Paris: Blanchard, 1960. 

Chapter 4. 

Lucas, Edouard. Recreations Mathematiques. Vol. 4. Paris, 1891. 

La patte d’oie et le fer a cheval, pp. 123-35. 

Lucas, Edouard. Recreations Mathematiques. Vol. 1. Paris, 1891. 

Le probleme des huit reines au jeu des eches, pp. 59-86. 

Madachy. Joseph. Mathematics on Vacation. New York: Charles Scribner’s Sons, 
1966'. 

“Chessboard placement problems,” pp. 34-54. 

McGrail, William H. Deployment. Rec.M.M., no. 6, pp. 41-42; Dec. 1961. 

A game for two, played on a matrix of 25 squares. 

Moser, L. King paths on a chessboard. M.Gaz. 39:54; 1955. 

Murray, H. J. R. A History of Board Games other than Chess. Oxford University 
Press, 1952. 

Newman, Irving (et al). Nonattacking knights on a chessboard. Am.M.Mo. 
71:210-11; 1964. 

Prescott, P. Chequerboard. Math.Tchg., no. 40, pp. 16-17; Autumn 1967. 

Professor Hoffmann (Angelo Lewis). The Book oj Table Games. London: George 
Routledge & Sons, 1894. 
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Sackson, Sidney. A Gamut oj Games. New York: Random House, 1969. 224 pp. 
Scarne, John. Scarne on Teeko. New York: Crown Publishers, 1955. 256 pp. 

A unique game similar to checkers, chess, and the oriental game of Go. 

Sebastian, J. D. Some computer solutions to the rellecting queens problem 
Am.tM.Mo. 76:399-400; Apr. 1969. 

Slien, Mok-Kong. and Shen, Tsen-Pao. Problem 39 (Problem of the Queens). 
Bulletin, American Mathematical Society 68:557; 1962. 

Steiner, Ilans-Ceorg. Operational systems and checker games. M.T 60*832-36- 
Dec. 1967. 

White, Alain C. Sam Loyd and llis Chess Problems. Whitehead & Miller Printers 
1913. 

Yaglom, A. M., and Yaglom, I. M. Challenging Mathematical Problems with Ele- 
mentary Solutions. San Francisco: Holden-Day, 1964. 

Section III: Chessboard problems. 

Yarbrough, L. D. Uncrossed knight’s tours. J.R.M. 3:140-42; July 1968. 

9.6 Manipulative Games and Puzzles 

In this category are included miscellaneous recreations involving the 
manipulation of objects, for example, coins, matchsticks, the Chinese rings, 
the Tower of Hanoi, dominoes. Oware and similar pebble games, the game 
of Odds, and so on. The classification is admittedly loose, for the Fifteen 
puzzle, Nim, Solitaire, and pastimes relating to objects changing places would 
also fall into this category. 

Abraham, R. M. Easy-to-do Entertainments and Diversions, etc. New York: Dover 
Publications, 1961. (Paper) 

Coin tricks and games, pp. 49-56; Tricks with matches, pp. 57-68. 
Albaugh. A. H. Game of Euclid. /J/.7*. 54:436-39; Oct. 1961. 

A card game, similar to gin rummy, in which the steps in a proof are 

matched with the “reasons” for the steps. 

Rernhart, Arthur. 2 X N games. Oklahoma University Newsletter . vol 6, no 3 
p. 2: Feb. 1957. 

Callaway, Rhona. A game in maths; how you plav tower tops. Matli.Tchg., no. 40. 
pp. 42-43; Autumn 1967. 

Cooperative Recreation Service. Inc. Count, and Capture: The World's Oldest 
Game. ( Kit X). Delaware, Ohio: C.R.S., 1955. 40 pp. (Pamphlet) 

Descriptions of many versions of the stone game of Wari as played in 

various countries of Asia and Africa. 

Crowe. D. W. The //-dimensional cube and the Tower of Hanoi. Am.M Mo 
63:29-30: Jan. 1956. 
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Crowther. P. A., and Ilardcastle, R. A. The game of odds; a follow-up. Math.Tchg ., 
no. 47. pp. 31-33; Summer 1969. 

Holder. Dora. The role of games, puzzles, and riddles in elementarv mathematics. 
A.T. 10:450-52; Nov. 1963. 

Domoryad, A. P. Mathematical Games and Pastimes. New York: Pergamon Press, 
1964. 

Manipulative games and games with piles of objects, pp. 61-78; Pastimes 
with dominoes, pp. 107-8. 

Field, Paul B. A description of a math field day. S.S.M. 64:12-14; Jan. 1964. 

Includes brief discussion of Hex, Niin, Five-in-a-Row, and Three-Dimen- 
sional Tic-Tac-Toe. 

Gardner. Martin. New Mathematical Diversions from Scientific American. New 
York: Simon & Schuster. 1966. 

Bridg-it and Other Games, pp. 210-18. 

Gardner, Martin. The Second Scientific American Book of Mathematical Puzzles 
and Diversions. New York: Simon & Schuster, 1961. 

On Bridg-it, pp. 84-87. 

Gardner, Martin. Mathematical games. Sci.Am. 206:140-43; Mar. 1962. 

The game of liexapawn. 

Gardner, Martin. Assorted puzzles and tricks. Sci.Am. 219:106-11; Aug. 1968. 

Modified ticktacktoe; 16-penny puzzles; cube dissection; topological puzzle; 
etc. 

Gardner. Martin. Game theory applied to games. Sci.Am. 217:127-32; Dec. 1967. 

Gardner. Martin. Magical tricks based on mathematical principles. Sci.Am. 
211:96-99; Aug. 1964. 

Three-cup trick; “think-a-word” trick; Yates’ 12-penny trick; Bowman’s 
dollar-bill trick. 

Gardner, Martin. Mathematical strategies for two-person contests. Sci.Am. 
216:116-20; Feb. 1967. 

“Isomorphism” of such games: e.g., game of Jain, Hot, and modified tick- 
tacktoe. 

Gardner, Martin. Penny puzzles: a collection of coin problems. Sci.Am. 
214:112-18; Feb. 1966. 

Grundy, P. M. Mathematics and games. Eureka 2:6; 1939. Reprint, 27:9; 1964. 

Hadley, Judy. Functions occurring in puzzle and games. Math.Tchg., no. 42, pp. 
45-51; Spring 1968. 

Haggerty. J. B. Kalah: an ancient game of mathematical skill. A.T. 11:326-30: 
May 1964. 

Well-known game involving all four fundamental processes as well as pure 
reasoning: also known as Oware. 

Hamilton, Joseph M. C. The game of pebbles. Los Angeles Mathematics News- 
letter, vol. 3, no. 2, p. 5: Jan. 1956. 
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Harris. P. A. Mathematical bingo. M.T. 54:577-78; Nov. 1961. 

Similar to conventional bingo, in which the solution sets of given equations 
must he identified. 

Kemniiugs, Ray. Attribute materials. Math.Tchg., no. 37, pp. 10-16; Winter 1966. 
Games that can he played by manipulating blocks of various shapes and 
colors, and which may lead to discovery of mathematical patterns and 
relations. 

Lucas. Edouard. Recreations M ath cm utilities, Paris. 1891. 

Le jeu de dominos, vol. 2, pp. 39-71 ; La geometric des reseaux et le 
probleme des dominos, vol. 4. pp. 123-51. 

Lucas. Edouard. Recreations Mathemaliques, Paris, 1891. 

Les jeux de inarelle, vol. 2, pp. 75-99; vol. 4, pp. 69-85. 

Mill, or nine-men-morris, and variations. 

Madachy. Joseph. Mathematics on Vacation. New York: Charles Scribner’s Sous, 
1966’. 

“Doininoe recreations,” pp. 209-19. 

McIntosh, Alistair. A puzzle untangled. Math.Tchg., no. 46, pp. 16-18; Spring 
1969.’ 

Mosteller. F. Optimal length of play for a binomial game. M.T. 54:411—12 ; Oct. 
1961.’ 

Mygaard, P. H. Odd and even; a game. M.T. 49:397; May 1956. 

Ogilvy, C. Stanley. Tomorrow's Math. Oxford University Press, 1962. 182 pp. 
Problems concerning games, pp. 37-50. 

Philpott, Wade. Quadrilles. Rec.M.M., no. 14, pp. 5-11; Jan.-Feb. 1964. 

Domino patterns. 

Pits and Pebbles. Time, June 14, 1963; p. 67. 

Pnnga, M. Le jeu Ruina. Sphinx, 1931; pp. 113-15. 

Sawyer, W. W. Analysis of an Indian game. Scrip.M. 22:71-78; 1956. 

Game similar to Fox and Geese. 

Sawyer, W. W. The game of Oware. Mathematics News Letter, Sept. 1958; 
Scrip.M., vol. 15, no. 2, pp. 159-61; June 1949. 

Scbuh, Fred. The Master Rook of Mathematical Recreations. New York: Dover 
Publications, 1968. 

Domino puzzles, pp. 38-68. 

Smith, Cedric A. B. Compound games with counters. J.R.M. 1:67-77: Apr. 1968. 
Bibliography; 7 references. 

Truran, T. P. An analysis of the game of odds. Math.Tchg., no. 45, pp. 38-41; 
Winter 1968. 

A game also known as the “Pebble Game” (Dudency. Amusements in. 
Mathematics) . 
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Wells, Celia, and Wells. Peter. A Sunday afternoon with live cocktail sticks. 
MathTchg., no. 47. pp. 52-53; Summer 1969. 

Williams, Russell. Biugtac. AT. 16:310-11; Apr. 1969. 

A game for junior high school level, similar to the game of “Yahoo.” 



9.7 Card Games and Card Tricks 

An ordinary deck of 52 playing cards lends itself to a fantastic variety of 
tricks — tricks based on their numerical values, tricks based on different colors 
and different suits, tricks based on the cards as counting units, shuffling tricks, 
locating and, or naming the position of a card, and so on and on. According 
to Martin Gardner, although “cards were used for gaming purposes in ancient 
Egypt, it was not until the fourteenth century that decks could be made from 
linen paper, and not until the early fifteenth century that card-playing became 
widespread in Europe. Tricks with cards were not recorded until the seven- 
teenth century and books dealing with card magic did not appear until the 
nineteenth.” 



Abbott, Robert. Abbott’s New Card Games. New York: Funk & Wagnalls. 1968. 
138 pp. (Paper) 

Abraham. R. M. Easy-to-do Entertainments and Diversions, etc. New York: Dover 
Publications, 1961. (Paper) 

Card tricks, pp. 1-19. 

Abraham. R. M. IE infer Nights Entertainments. New York: E. P. Dutton & Co.. 
1933! 

Card tricks, pp. 1-25. 

Amir-Moez. Ali R. Limit of a function and a card trick, ill. Mag. 38:191-96: Sept. 
1965. 

Amir-Moez. Ali R. Mathematics and cards. Rec.M.M.. no. 8, pp. 40-42; Apr. 1962. 
About card games. 

“Berkeley' 5 and T. B. Rowland. Card Tricks and Puzzles. 1892. 120 pp. 

Chiefly mathematical tricks and puzzles; magic squares, magic tour; 15- 
puzzle; etc. 



Card Trick Involving Pascal's Triangle. AT. 15:265, 268; Mar. 1968; also, see 
Martin Gardner, “Mathematical Games," in Scientific American, Dec. 1966. 

Dent, B. M. (Mrs.). Card Shuffling. MathTchg., 110 . 46, pp. 33-34; Spring 1969. 
Mathematical analysis of shuffling a deck of cards. 

Gardner, Martin. Mathematics , Magic and Mystery. New York: Dover Publica- 
tions. 1956. 

Chapters 1-2: “Tricks with Cards.” pp. 1-32. 
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Gardner, Marlin. New Mathematical Diversions from Scientific American. New 
York: Simon & Schuster, 1966. 

Victor Eigen: Matliemagician; pp. 103-12: Card tricks, etc. 

Goldsmith, Colin. Variations on a theme. Math.Tchg., no. 40, p. 48; Antnnm 1967. 
An extension of a well-known card trick. 

limit, Martin. Arithmetic card games. A.T. 15:736-38: Dec. 1968. 

Johnson, Donovan. Bridget, an algebra card game. M.T. 51:614-15; Dee. 1958. 

Johnson, Donovan. Mathematics rummy. M.T. 52:373-75; May 1959. 

A card game. 

Kirkpatrick, P. II. Probability theory of a simple card game. M.T. 47:245-48; 
Apr. 1954. 

Saunders, K. D. Slmllies. Math.Tchg., no. 46. pp. 19-21; Spring 1969. 

An intriguing card trick. 

Simon, William. Mathematical Magic. New York: Charles Scribner’s Sons, 1964. 
Magic with playing cards, pp. 156-83. 



9.8 Colored Squares and Cubes 

Many versions of the “colored cubes 5 ' puzzle abound. One familiar form 
involves four cubes which have to be assembled in a block of 4 X 1 X 1 with 
four different colors or designs showing on all four sides of the assembly. 
These puzzles have appeared in recent years on both sides of the Atlantic 
under such trade names as the “Tantalizer,” the Mayblox puzzle, the “Kaizen- 
jammer Puzzle." Instant Insanity." and others. A complete analysis involves 
considerable mathematics. 



Abraham. R. M. Diversions and Pastimes. New York: 
Puzzle of the four colored cubes, p. 100. 



Dover Publications, 1964. 



Ball. W. W. R. Mathematical Recreations and Essays. Macmillan, 1960. 
Colour-cube problem, pp. 112-14. 

Brown. T. A. A note on “Instant Insanity.” M.Mag. 41:167-69; Sept. 1968. 

Analysis of a contemporary puzzle involving four multicolored unit cubes 
which are to he assembled into a 1 X 1 X 4 rectangular prism so that all 
four colors appear on each of the four long faces of the prism. 

Carteblanche, F. de. The coloured cubes problem. Eureka 9:9: 1947. 



Ehrenfeucht, Aniela. The Cube Made Interesting. New York: Pergamon Press 
1964. 

“Coloured Blocks” and “Constructions from Coloured Blocks.” pp. 46-66. 
Farrell, Margaret. The Mayblox problem. J.R.M. 2:5.1-56; Jan. 1969. 

A set of eight colored cubes; puzzle invented by Major P. A. MacMahon. 
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Filipiak, Anthony. 100 Puzzles. New York: A. S. Barnes, 1942. 

Colored-cubes puzzle, p. 108. 

Gardner. Martin. New Mathematical Diversions from Scientific American. New 
York: Simon & Schuster. 1966. 

The 24 Color Squares and the 30 Color Cubes: pp. 184-95. 

Gardner. Martin. McMahon’s 24-color triangles; cube problems: etc. Sci.Am. 
219:120-25; Oct. 1968. 

Johnson. Paul B. Stacking colored cubes. Am.M.Mo. 63(61:392-95; June-July 
1956. 



Kraitchik. Maurice. Mathematical Recreations. 
1953. 



New York: Dover Publications, 



Colored squares, pp. 312-13. 

Lyons. L. V. Cubeb. Am.M .Mo. 63 (12) :8-9; Dec. 1957. 

O’Beirne. T. II. Puzzles and Paradoxes. Oxford University Press, 1965. 

Chapter 7: “Cubism and Colour Arrangements.” 

Perisho. Clarence. Colored polyhedra: a permutation problem. AI.T. 53:253-55; 
Apr. 1960. 

Philpott, Wade. MacMahon’s three-color squares. J.R.M. 2:67-78; Apr. 1969. 
Winter. Ferdinand. Das Spiel tier 30 Bunten IF it rf el. Leipzig. 1934. 128 pp. 
Devoted exclusively to the 30 colored cubes problem. 



9.9 Mechanical Puzzles 

In earlier times, puzzles involving principles of elementary physics and 
mechanics were frequently included with mathematical puzzles and recreations. 
Thus for example, the famed Mathematical Recreations of Jean Leurechon 
11633 ), as attested in the title, dealt among other topics with “optieks, stalick. 
median icks, ehymislry. water-works, fire-works.” Similarly, William Ley- 
bourn’s Pleasure With Profit: Recreations of Divers Kinds (1694). reveals on 
the title page “Numerical, Geometrical. Mechanical, Statical, Astronomical, 
Morometrical, Cryptographical, Magne s; cal. Automatical. Chymical. and 
Historical.” 



Filipiak. Anthony. 10 1 Puzzles: llow to Make and llow to Solve Them. New 
York: A. S. Barnes & Co.. 1942. 

Gardner, Martin. The Second Scientific American Rook of Mathematical Puzzles 
and Diversions. New York: Simon & Schuster, 1961. 

“Mechanical Puzzles." pp. 210-19. 

Gardner. Martin. Puzzles that can be solved by reasoning based upon principles 
of physics. Sci.Am. 215:96-99; Aug. 1966. 

Gardner. Martin. A puzzling collection. Hobbies. Sept. 1934, p. 8. 
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Ilcmmings. Kay. Tliink-a-dot. Math.Tchg., no. 40, p. 45; Autumn 1967. 

Brief description of an ingenious device, which, while intriguing, can lead 
to serious and significant generalizations. 

Kravitz. Sidney. Additional mathematical theory of “Think-a-Dot.” J R M 
1:247-50; Oct. 1968. 

Lehman, Alfred. A solution of the Shannon switching game. Journal, Soc. Indus- 
trial Applied Math., vol. 12, no. 4, pp. 687-725; Dec. 1964. 

Materials for Mathematics: Gaines and Puzzles. Math.Tchg., no. 40, p. 32; Au- 
tumn 1967. 

Gives a list of about 35 general recreational devices commercially available 
to illustrate such matters as tessellations; permutation puzzles; interlock- 
ing solid dissections; networks; polyominocs; etc. 

Professor Hoffmann (pseudonym of Angelo Lewis). Puzzles Old and New. New 
York: Frederick Warnc & Co., 1893. 

Scbuli, 1' red. The Master Book of Mathematical Recreations. New York: Dover 
Publications, 1968. 

Puzzles in Mechanics, pp. 390-430; Puzzles in dynamics; kinematics; 
inertia; forces; mass and weight. 

Schwartz, Benjamin L. Mathematical theory of tliink-a-dot. M.Mag. 40:187-93: 
Sept. 1967. 

Slocum, Jerry. Making and solving puzzles. Science and Mechanics, Oct. 1955; 

pp. 121-26. 

Stubbs, A. Duncan. Miscellaneous Puzzles. New York: Frederick Warne & Co 
1931. 

Interesting and unusual mechanical puzzles. 



9.10 Mathematical Models 

The making of mathematical models is a fascinating challenge to many 
people. It need not be limited to models of regular and semiregular solids, 
although these are rather popular. It can be carried on at various levels, 
depending upon the maturity of the model-maker as well as his skill and 
artistry. 

Bruyr, Donald. Geometrical Models and Demonstrations. Portland. Me • I Weston 
Walch, 1964. 173 pp. 

Curves, surL.-es. solids, instruments, etc.; over 150 diagrams. 

Cameron, A. J. Mathematical Enterprises for Schools. New York: Per^amon 
Press, 1966. 187 pp. 

Nets and Solids, pp. 33-45. 

Cundy. II. Martyn, and Rolled, A. P. Mathematical Models. Oxford University 
Press, 1967. 286 pp. 
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Hess. Adrien L. Mathematics Projects Handbook. Huston: D. C. Heath & Co.. 
1962. 60 pp. (Paper) 

Kenna, L. A. Understanding Mathematics with Visual Aids. Totowa, N.J.: Little- 
field, Adams & Co., 1962. 174 pp. (Paper) 

Discusses wooden models, string models, curve-stitching, paper-folding, etc. 

Mathematics in Kensington. Math.Tchg., no. 23, pp. 9-13; Summer 1963. 

Describes models of surfaces formed by complex algebraic equations, to 
be seen in the Science Museum in Kensington. 

Meredith, G. Patrick. Algebra by Visual Aids. 4 vols. Allen, 1948. 

Bk. 1: The Polynomials; 3k. 2: The Continuum; Bk. 3: The Laws of 
Calculation; Bk. 4: Choice and Chance. 
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Chapter 10 



10.1 Logical Paradoxes 

So far as mathematics as a whole is concerned, ihe setbacks occasioned by 
the paradoxes of logic have been more than balanced by the advances result- 
ing from their subsequent investigation.”— Eugene Northrop. Riddles in 
M athemalics. 

Alexander, Peter. Pragmatic paradoxes. Mind 59:536-38; Oct. 1950. 

Bernhard, Robert. Crisis in math — is there a “universal truth?” Scientific Re- 
search 3:47-56; Oct. 14, 1968. 

Mathematical paradoxes. 

Chapman, J. M., and Butler. R. J. On Quine's “so-called paradox.” Mind 
74:424—25: July 1965. 

Cohen, L. Jonathan. Mr. O’Connor's “Pragmatic Paradoxes." Mind 59:85-87: 
Jan. 1950. 

Ebersole, F. B. The definition of “pragmatic paradox.” Mind 62:80-85: Jan. 1953. 

Gardner, Martin. A new paradox, and variations on it, about a man condemned to 
he hanged. Sci./hn., Mar. 1963, p. 144. 

Gardner. Martin. The Unexpected Hanging. New York: Simon and Schuster. 
1969. 

“The Paradox of the Unexpected Hanging,” pp. 11-23. 

Kiefer, James, and Ellison. James. The prediction paradox again. Mind 74:426-27* 
July 1965. 

Lyon, Anion. The prediction paradox. Mind 68 : 510 - 17 ; Oct. 1959. 

Maxfield. Margaret. How quaint the ways of paradox. In Chips from the Mathe- 
matical. Log. Mu Alpha Theta. 1966; pp. 59-60. 

Medlin, Brian. The unexpected examination. American Philosophical Quarterly 
1:1-7; Jan. 1964. 

Meltxer. B. The third possibility. Mind 73:430-33; July 1964. 
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Meltzer. B., ami Good, f. J. Two forms of the prediction ])ara<i<>x. British Journal 
for tli e Philosophy of Science 16:50-51; May 1965. 

Nerlich, G. C. Unexpected examinations and improvable statements. Mind 
70:503-13; Oet. 1961. 

O’Beirne, T. H. Can the unexpected never happen? New Scientist 15:464-65: 
May 25. 1961 ; pp. 597-98: June 8, 1961. 

O’ComuK D. J. Pragmatic paradox,.-. Mind 57:358-59; July 1948. 

O’Connor, D. J. Pragmatic paradoxes and fugitive propositions. Mind 60:536-38- 
Oct. 1951. 

Quine, W. V. On a so-called paradox. M'. " 62:65-67; Jan. 1953. 

Schoenberg, Judith. A note on the logical fallacy in the paradox of the unexpected 
examination. Mind 75:125-27; Jan. 1966. 

Scriveil, Michael. Paradoxical announcements. Mind 60:403-7; July 1951. 

Sharpe, R. A. The unexpected examination. Mind. 74:255; Apr. 1965. 

Shaw, R. The paradox of the unexpected examination. Mind 67:382-84; July 1958. 

Van Heerden. P. J. Logical paradoxes are acceptable in Boolean algebra. M.Mag. 
39:175-78; May 1966. 

Weiss, Paul. The prediction paradox. Mind 61:265-69; Apr. 1952. 

Woodall, D. R. The paradox of the surprise examination. Eureka, no. 30, pp. 
31-32; Oct. 1967. 

Wright, J. A. The surprise exam: prediction on last dav uncertain. Mind 
76:115-17: Jan. 1967. 



10.2 Logical and Inferential Problems 



Many people find these puzzles the most tantalizing of all — whether they 
he like Lewis Carroll’s fantastic syllogisms, or conundrums of the Smith-Jones- 



Robinson type, or the colored-hat type question, or the brand of truth-telling 
and lying puzzles. Not infrequently the solution of such recreational logic 
problems is facilitated by the use of matrices, truth tables, or set theory. 



Adler. Irving. Logic for Beginners through Games. Jokes and Puzzles. New York: 
John Day Co., 1964. 158 pp. 

Rather elementary and prosaic. 

Allen. L. E. Toward autotclic learning of mathematics. /1/.7’. 56:8-21: Jan. 1963. 
Games involving logical inference: a report on Wfl’n Proof games. 

Brown, David H. The problem of the three prisoners. M.T. 59:131-32: Pel). 1966. 
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Buchalter, Barbara. The logic of nonsense. ALT. 55:330-33; May 1962. 
Delightful discussion of the logic in Alice in Wonderland. 

Carroll, Lewis (C. L. Dodgson). Mathematical Recreations oj Lewis Carroll. Vol. 
1: Symbolic- Logic, and The Came of Logic. (2 hooks hound as 1.) New 
York: Dover Publications, 1958. 199 + 69 pp. 

The first book consists of some 400 logical problems involving syllogisms 
and sorites. 

Carroll, Lewis (C. L. Dodgson). Mathematical Recreations of Lewis Carroll. Vol. 
2: Pillow Problems, and A Tangled Tale. (2 hooks hound as 1.) New York: 
Dover Publications, 1958. 109 + 152 pp. 

“Pillow Problems” is a classical collection of 72 sophisticated “brain- 
teasers.” 

Dienes, Z. P., and Golding, E. W. Learning Logic, Logical Games. New York: 
Herder & Herder, 1966. 80 pp. (Paper) 

Domoryad, A. P. Mathematical Games and Pastimes. New York: Pergamon Press, 
1964. 

Logical problems, pp. 222-31. 

Fletcher, T. J. The solution of inferential problems by Boolean algebra. M.Gaz. 
36:183-88; Sept. 1952. 

Fujimura, Kobon. The 5-card problem. J.R.M. 1:35; Jan. 1968. 

Gardner, Martin. Boolean algebra. Venn diagrams and the propositional calculus. 
Sci.Am. 220:110-14; Feb. 1969. 

Gardner, Martin. Logic Machines and Diagrams. New York: McGraw-Hill Book 
Co, 1958. 157 pp. (Paper) 

Gardner, Martin. The Second Scientific American Booh of Mathematical Puzzles 
and Diversions. New York: Simon & Schuster, 1961. 

“Recreational Logic,” pp. 119-29. 

Giles, Richard. Building an electrical device for use in teaching logic. /]/ T 
55:203-6; Mar. 1962. 

Goodrich, Ruth. An analysis of some of the syllogisms found in Alice in Wonder- 
land. Pentagon 21:30-38; Fall 1961. 

Hunter, J. A. H. Some inferential problems. Rec.M.Al., no. 1, pp. 3-6; Feb. 1961. 
Solving problems in logic with Boolean algebra. 

Pedoe, Dan. The Gentle Art of Mathematics. English Universities Press, 1958. 

“Automatic thinking,” pp. 65-76; “Double Talk,” pp. 128-35. Syllogisms, 
logical and inferential problems; logical paradoxes. 

Phillips, Hubert [Caliban]. My Best Puzzles in Logic and Reasoning. New York: 
Dover Publications, 1961. 107 pp. 

An excellent collection of “logic problems,” almost all original. 

Summers, George. Fifty Problems in Deduction. New York: Dover Publications, 
1969. 
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Summers. George. New Puzzles in Logical Deduction. New York: Dover Publica- 
tions. 1968. 121 pp. (Paper) 

Williams, Horace. Constructing logic puzzles. M.T. 54:524-26; Nov. 1961. 

Wylie, Clarence R. 101 Puzzles in Thought and Logic. New York: Dover Publi- 
cations, 1957. Unpaged. (Paper) 



10.3 Cryptography — Cryptanalysis — Codes and Ciphers 

“In point of fact, as I have found by experience, in cryptography the ex- 
ceptions are more frequent than the rule.” — Andre Langie. Cryptography. 



Andree, Richard. Cryptography. In Chips from the Mathematical Log. Mu Alpha 
Theta, 1966; pp. 25-26. 

Friedman, W. F., and Mendelsohn. C. J. A bibliography of cryptography. 
Am.ill.Mo. 50:345; 1943. 

Gaines, Helen F. Cryptanalysis. A Study of Ciphers and Their Solution. New 
York: Dover Publications, 1956. 237 pp. 

Unabridged and corrected edition of a work formerly published in Ele- 
mentary Cryptanalysis. Solutions of about 150 specimen codes are included. 

Gaines, Helen F. Elementary Cryptanalysis. Boston: American Photographic 
Publishing Co., 1943. 

Glavmann. Maurice. Un module d’espace vectoriel et son utilisation pour coder et 
decoder un message. Journal of Structural Learning, Jan. 1968; pp. 9-15. 

Graham, L. A. The Surprise Attack in Mathematical Problems. New York: Dover 
Publications, 1968. 

“Codes and Computers,” pp. 28-32. 

Hill, L. S. Concerning certain linear transformation apparatus in cryptography. 
Am.M.Mo. 38:135; 1921. 

Hill, L. S. Cryptography in an algebraic alphabet. Am.M.Mo. 26:409; 1919. 

Kahn, David. The Codebrcakcrs: The Story of Secret Writing. New York: Mac- 
millan Co., 1967. 1164 pp. 

Nonmathematical survey of the history of secret communication, wartime 
cryptanalyses, etc. Exhaustive and well documented. 

Kahn, David. Modern cryptography. Sci.Am. 215:38-46; July 1966. 

Use of electronics and mathematics by cryptanalysts. 

Lafiin, John. Codes and. Ciphers: Secret Writings Through the Ages. New York: 
Abelard-Scluiman, 1964. 144 pp. 

An unusually fascinating presentation, including codes from ancient to 
modern times. 

Mann, Barbara. Cryptography with matrices. Pentagon 21:3-11: Fall 1961. 

Mitchell, U. G. Codes and ciphers. Am.M.Mo. 26:409-13. 
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PaIIa i96?° rVin * ^ IiUle inatler ° f es J )ioiia S e - Rec.MM., no. 6, pp. 56-58; Dec. 

Pallas, Norvjn. The Sun Dial: a cryptographic mystery. Rec.M.M., no. 2 pp 
34-36; Apr. 1961. 

Peck Lyinam Secret. Codes, Remainder Arithmetic, and Matt ices. Washington 
D.C.: NCTM, 1961. 54 pp. (Pamphlet) 

Pratt Fletcher. Secret and Urgent; the Story of Codes and Ciphers. New York- 
Blue Ribbon Books, 1942. 282 pp. 

Shannon, C. E. Communication theory of secrecy systems. Bell System Tech 
Journal 28:656-715; 1949. 

Smith, Lawrence D. Cryptography. New York: Dover Publications, 1955. 164 pp. 
Willerdmg, Margaret. Codes for boys and girls. A.T. 2:23-24; Feb. 1955. 

WiIIi 1959 Eugenia ' An Invitution t0 Cryptograms. New York: Simon & Schuster, 

Collection of 150 puzzles, with solutions, ranging from very easy to mod- 
erately difficult cryptograms. 

Wmick, David F. “Arithmecode” puzzle. A.T. 15:178-79; Feb. 1968. 



10.4 Humor and Mathematics 

Mathematics— even serious mathematics— is not all grim. Unexpected 
twists appeal to the humorist, as attested to by numerous limericks and other 
verse in a lighter vein, to say nothing of scores of cartoons, many of which 
have been stimulated by interest in the “new mathematics” and in electronic 

computers. Even some mathematicians themselves have a good sense of 
humor. 



Biidwood, Wilbur P. Euclid's Outline of Sex. New York: Henry Holt & Co 1922 
68 pp. (O.P.) ’ 

A sprightly piece of satire, poking fun at devotees of Freud. 

Dudley, Patricia, et al. Further techniques in the theory of big game hunting 
AmM.Mo. 75:896-97; Oct. 1968. e 

Dunham, David. Every Man a Millionaire. New York: Scripta Mathematica 1937 - 
95 pp. 

ladiman. Clifton. Fantasia Mathematica. New York: Simon & Schuster 1958 
298 pp. 

A collection of humorous stories and diversions related to mathematics. 



i 

1 

i 



MISCELLANEOUS RECREATIONS 153 

Fadiinan, Clifton. The Mathematical Magpie. New York: Simon & Schuster, 
1962. 300 pp. 

A delightful collection of humor about mathematics: aphorisms, apothegms, 
anecdotes, poems, limericks, cartoons, essays, and curiosa. 

Gardner, Martin. The Numerology of Dr. Matrix. New York: Simon & Schuster, 
1967.112 pp. 

Gardner, Martin. Word play. Sci.Am. 2V :218-24; Sept. 1964. 

Puns and palindromes; assorted humor. 

Jablonower, Joseph. The Jabberwocky was a Lark, or the “Mathematician Takes a 
Holiday” M.T. 60:871-73; Jan.' 1967. 

Reprint of a brief satirical note built around Lewis Carroll characters, Alice 
and Hunipty Dumpty. 

Janicki, G. Number cartoons. M.T. 48:372; May 1955. 

Jolly, R. F. Excelsior,; M.T. 62:94-95; Feb. 1969. 

A humorous poem, a parody oil “Now I Am the Ruler of the Queen’s 
Navee,” from H. M. S. Pinafore, by Gilbert & Sullivan. 

Kaufman. Gerald L. Geo-metric Verse : Poetry Forms in Mathematics written 
mostly for Fanatics. New York: The Beechlnirst Press, 1948. 64 pp. 

Leacock, Stephen. Human interest put into mathematics. M.T. 22:302-4; 1929; 
also, M.T. 59:561-63; Oct. 1966. 

A humorous, whimsical spoof on stereotyped problems concerning U A, B 
and C, who do a certain piece of work,” etc. 

Leacock, Stephen. Through a glass darkly: human thought in mathematical sym- 
bols. Atlantic Monthly 158:94-98; 1936. 

Lindon, J. A. A clerihew ABC of mathematics. Rec.M.M., no. 14, pp. 24-26; Jan.- 
Feii. 1964. 

A humorous poem. 

Lindon. J. A. Numbo-carrean. Rec.M.M., no. 11, pp. 11-13; Oct. 1962. 

A whimsical sketch on an artificial language based op numerals and letters. 

Lindon, J. A. A world of difference. Rec.M.M., no. 13. pp. 31—33 : Feb. 1963. 

A tiine-space spoof. 

Luke, Dorman. “Yoicks!” “Tallyho!” Shades of King Arthur! Sir Moebius rides 
again! Rec.M.M., no. 12. pp. 13-15; Dec. 1962. 

Humorous skit on the Moebius strip. 

May, Kenneth 0., and Anderson, P. An interesting isomorphism. Am.M.Mo., vol. 
70. no. 3, Mar. 1963. 

Humorous, satirical sketch. 

McClellan. John. Recreations for space travel. Rec.M.M., no. 7. pp. 7-11; Feb. 
1962. 

Humor and spoofing, hut suggestive. 
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Menninger, Karl. A/i Baba and die 39 Kamele. Gottingen: Vandenlioeck & 
Rupreelit, 1955, 1958. 108 pp. (Paper) 

Humorous sketches about numbers, by the distinguished author of “Zahl- 
wort und Ziffer.” 

Miller. James E. How Newton discovered the law of gravitation. AmMMo. 
69:623-31; Sept. 1962. 

Clever spoof on contemporary foibles of academic administration and 
lavish government grants for research. 

Morphy. Otto. Some modern mathematical methods in the theory of lion hunting. 
AmMMo. 75:185-87: Feb. 1968. 

A natural sequel to II. Petard’s classic treatise on the mathematical theory 
of big game hunting. 

Petard, H. A contribution to the mathematical theory of big game hunting. 
RecMM., no. 5. pp. 14-17: Oct. 1961. Reprinted from AmMMo., Aug.- 
Sept. 1938. pp. 446-47. 

Sophisticated humor. 

Sutcliffe, Alan. A walk in the rain. RecMM., no. 7, pp. 20-22; Feh. 1962. 
Interesting curiosity on how to keep relatively dry. 

Traub, Huge Geometry and men. RecMM., no. 11, pp. 6-7; Oct. 1962. 

Weaver, Warren. Lewis Carroll: Mathematician. Sci.Am., vol. 194, no. 4. pp. 
116-28; Apr. 1956. 

Willerding. Margaret F. Mathematics through a looking glass. ScripM. 25:209-19; 
1960. 

Delightful account of mathematical allusions in Alice in Wonderland, etc.; 
bibliography. 

Wintlnop, Henry. A devil’s dictionary for higher education. RecMM., no. 9. 
pp. 12-15; June 1962. 

Humorous skit on definitions of mathematical terms. 



10.5 Sports and Mathematics 

Mathematics enters the arena of sports in several unrelated ways — all of 
them interesting. The most obvious perhaps is the role of physics: then there 
are the matters of scoring and comparative records, the statistical and predic- 
tive aspects, involving probability, and the matter of tournaments. Who says 
one can't find mathematics almost anywhere you look for it? 

A Billiard Ball Problem. [Problem E1704.] AmMMo. 72:669; 1965. 

Ap Simon, II. The luck of the toss in squash rackets. M.Gaz. 35:193-94; 1951. 

Austin. A. K. Tennis. Math.Tchg., no. 44, p. 25; Autumn 1968. 

Problems about the method of scoring, the order of serving, and the chang- 
ing of ends in a tennis match. 
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Bergman. Ronald. Something new behind the 8-hall. Rec.M.M. t no. 14. pp. 17-19; 
Jan.-Feh. 1964. 

The mathematics of an lliptical pool table. 

Clifford, Edward. An application of the law of sines: IIow far must you lead a 
bird to shoot it on the wing? M.T. 54:346-50; May 1961. 

Cook, Earnshaw. Percentage Baseball. Cambridge. Mass.: M.I.T. Press. 1966. 
416 pp. 

An unusual statistical and probabilistic study of batting and pitching 
averages, and some implications for possible strategies. 

Furucan, II. M. The velocity of sound and the start of athletic events. Australian 
Mathematics Teacher 4:4-9; 1948. 

Hardy. G. H. A mathematical theorem about golf. M.Gaz. 29:225 ff. (Math. Note 
No. 1844) ; 1945. 

Hayward, Roger. The bounding billiard ball. Rec.M.M., no. 9. pp. 16-18; June 
1962. 

Himmclfarb, A., and Silverman. D. L. A billiard table problem. Am.M.Mo. 
74:870; Aug.-Scpt. 1967. 

A billiard ball is cued from a corner of an n X w-foot billiard table at an 
angle of 45°. How many cushions will the ball strike before it again goes 
into a corner? 



Hemming. G. W. Billiards Mathematically Treated. London: Macmillan & Co., 

1899. 45 pp. 

Kidd. Kenneth. Measuring the speed of a baseball. S.S.M. 66:360-64; Apr. 1966. 

Knuth, Donald. Billiard balls in an equilateral triangle. Rec.M.M., no. 14. pp. 
20-23: Jan.-Feb. 1964. 

Lampe. Ernst. Mathcmatik and Sport. 2d ed. Leipzig: B. G. Tcubncr, 1956. 94 pp. 

Discussion of the matlieinalics and physics related to throwing a ball, jump- 
ing. running, swimming, cycling, weight lifting, tennis, etc. 

Madachy, Joseph. Mathematics on Vacation. New York: Charles Scribner’s Sons, 
1966. 

“Bouncing billiard balls." pp. 231-41. 

Maunsell, F. G. Why does a bicycle keep upright? M.Gaz. 30:195-99; Oct. 1946. 

Miller, Fred A. In bow many ways can the World Series in baseball be played? 
S.S.M. 69:71: Jan. 1969. 

Ranucci, Ernest R. Anyone for tennis? S.S.M. 67:761-65: Dec. 1967. 

Rickey, Branch. Goodbye to some old baseball ideas. Life 37:78-86+: Aug. 2. 
1954. 



Discussion of batting and pitching averages. 

Rising, Gerald R. Geometric approach to field-goal kicking. M.T. 47:463-66: 
Nov. 1954. 
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Sarjeant, H. B. Golf from a mathematical angle. Australian Mathematics Teacher 
3:3-9; 1947. 

Walker, G. T. The physics of sport. M.Gaz. 20:172-77; July 1936. 



10.6 Philately and Mathematics 

Nearly every stamp collector knows that there are scores of topics for 
“thematic'’ collections: railroads, airplanes, bridges, ships, birds, flowers, 
medicine, scientists, space, etc. Among such topics, one that has not been 
publicized is mathematicians and mathematics on stamps. 

It is of interest to note that portraits of more than one hundred different 
mathematicians have been depicted on postage stamps of one country or 
another. In addition, many physicists and astronomers have also been hon- 
ored in this way. And, if one wishes, such a collection could also include 
stamps displaying mathematical instruments, astronomical observatories, 
geometric designs, mathematics in Nature, parabolas and catenaries in the 
form of suspension bridges and telegraph cables, ellipses and semicircles in 
arches, and other sundry mathematical items. An impertinent question re- 
mains to be asked: Why have so many eminent mathematicians been over- 
looked in the search for postal commemora lives? In particular, in the United 
States, why have Charles Sanders Peirce and Josiah Willard Gibbs not been 
honored? 



Bierman, Kurt R. Comments on mathematics and philately. M.Mag. 34:297; 1961. 

Boyer, Carl B. Philately and mathematics. Scrip.M. 15:105-14; 1949. 

Brooke, Maxey. Mathematics and philately. M.Mag. 34:31-32; 1961. 

“The Hamilton postage stamp.” Scrip.M. 10:213-14; 1944. 

Horton. C. W. Scientists on postage stamps. S.S.M. 48:445-48; 1948. 

Johnson, R. A., and Archibald, R. C. Postage-stamp or coin portraits of mathe- 
maticians. Scrip.M. 1:183-84; 1932. 

Larsen, If. D. Mathematics and philately. Am.M.Mo. 60:141-43; 1953. 

Larsen. H. D. Mathematics on stamps. M.T. 48:477-80; 1955. 

Larsen, H. D. Mathematics on stamps. M.7'. 49:395-96; 1956. 

Pinzka, C. F. A note on mathematics and philately. M.Mag. 34:169; 1961. 



Schaaf, W. L. Mathematicians and mathematics on postage stamps. J.R.M 
1:195-216; Oct. 1968. 

Check list of stamps depicting portraits of nearly a hundred mathema- 
ticians; also, stamps showing symbols, graphs, geometric designs, measure- 
ment, computation, curves, etc.; about 600 stamps in all. 
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Schaaf, W. L. Philately and mathematics— a further note. M.T. 49:289-90; 1956. 

Schaaf, W. L., and Papa, John S. Scientists discovered dynamic symmetry for fine 
arts (etc.). Linn’s Weekly Stamp News, June 23, 1969, pp. 8-9. 

Discussion of the original paintings from which portraits of mathematicians 
were designed on stamps. 



10.7 Assorted Recreations and Curiosities 

“We may learn the same lesson . . . from the puzzle columns of the popular 
newspapers. Nearly all their immense popularity is a tribute to the drawing 
power of rudimentary mathematics, and the better makers of puzzles, such as 
Dudeney or ‘Caliban,’ use very little else. They know their business; what 
the public wants is a little intellectual ‘kick,’ and nothing else has quite the 
kick of mathematics.”— G. H. Hardy, A Mathematician’s Apology. 

Bain. George G. The prince of puzzle-makers: An interview with Sam Loyd. 
Strand Magazine (London) 34:771-77; 1907. 

Boys. C. V. Soap Bubbles. New York: Dover Publications, 1959. 

Brider. J. E. A mathematical adventure. Math.Tchg., no. 37, pp. 17-21; Winter 
1966. 

Finite differences when counting overlapping squares or triangles. 

Brumfiel. C. F. Numbers and games. NCTM Twenty-seventh Yearbook, 1963; 
pp. 245-60. 

For junior high school level: repeating decimals, continued fractions, irra- 
tional numbers, number line games, tick-tack-toe. 

Clapham, J. Charles. Playful mice. Rec.M.M., no. 10, pp. 6-7; Aug. 1962. 
Pursuit problem. 

Fletcher, T. J. Carry on Kariera! Math.Tchg., no. 43, pp. 35-36; Summer 1968. 

Mathematical analysis of marriage and kinship patterns. 

Gardner, Martin. Nine titillating puzzles. Sci.Am. 197:140 ff.; Nov. 1957. 

Gardner, Martin. Mathematical games— On the relation between mathematics and 
the ordered pairs of op art. Sci.Am. 213:100-105; July 1965. 

Gardner, Martin. “Cooked’’ puzzles. Sci.Am. 214:122—27; May 1966. 

Miscellaneous puzzles with flaws or incorrect answers, or puzzles with im- 
possible solutions. 

Gardner, Martin. Dollar hills. Sci.Am. 218:118-20; Apr. 1968. 

Puzzles and tricks with dollar hills. 

Gardner. Martin. Miscellaneous recreations. Sci.Am. 209:144-54; Nov. 1963; 
210:114-20, June 1964; 

212:112-17, Mar. 1965; 

213:116-23, Nov. 1965; 
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216:124-29, Mar. 1967; 

217:125-28, Nov. 1967; 

220:124-26, Apr. 1969. 

Gardner. Martin. Puzzles based on parity (odd/even). Sci.Am. 209:140-48- Dec 
1963. 

Glenn, William, and Johnson, Donovan. Fun with Mathematics. New York: Mc- 
Graw-Hill Hook Co.. Webster Div., 1960. 43 pp. (Paper) 

Gogan, Daisy. A game with shapes. A.T. 16:283-84; Apr. 1969. 

Involves rotations, symmetry, and congruence. 

Criinbaum, Adolf. Are “infinity machines” paradoxical? Science 159-396—406 * 
Jan. 26. 1968. 

Hunter, J. A. II. The problemist at work. Rec.M.M., no. 8, pp. 5-6; Apr. 1962. 
General discussion. 

Johnson. Donovan. Enjoy the mathematics you teach. A.T. 15:328-32; Apr. 1968. 
Jones, L. E. Merry Christmas. Happy New Year. S.S.M. 67:766-71; Dec. 1967. 

Langman, Harry. Curiosa: Proof of cos 36° — cos 72° = i. Scrip M 22 -221 - 
1956. 2 ’ 



McClellan, John. Recreations for space travel. Rec.M.M., no. 7 on 7-11- Feb 
1962. 

Perisho, C. R. Conies for Thanksgiving. S.S.M. 57:640-41; Nov. 1957. 

Ramicci, Ernest. Four by Four. Boston: Houghton Mifflin Co., 1968. 60 pp. 
Miscellaneous recreations involving a 4 X 4 network of squares. 

Iwipoport, A., and kchluin. L. I. On the mathematical theory of rumor spread. 
Bulletin of Mathematical Biophysics 14:375-83; 1952. 

Reeve. J. IL and Tyrell. J. A. Maestro puzzles. M.Gaz. 45:97-99; May 1961. 
How to pack a given set of figures to form a certain figure. 

Saidan. A. S. Recreational problems in a medieval arithmetic. M.T. 59-666-67- 
Nov. 1966. 

Smith. Eugene P. Some puzzlers for thinkers. tVCTM Twenty-seventh Yearbook 

1963; pp. 211-20. 

1' or junior high school level; about two dozen assorted problems, including 
magic squares. 

Steiger, A. A. von. Christmas puzzle. M.T. 60:848-49? Dec. 1967. 

Steinen, R. F. More about 1965 and 1966. M.T. 59:737-38; Dec. 1966. 

Sutcliffe. Alan. Waiting for a bus. M.Mo". 38:102-3; Mar.-Apr. 1965. 

Trigg. C. W. Holiday greetings from thirty scrambled mathematicians. S.S.M 
54:679; Dec. 1954. 



Chapter 11 

(faucfe ^ecneatiortal 
Activities 



11.1 Mathematics Clubs, Programs, Exhibits, Projects 

“The fact is that there are few more ‘popular’ subjects than mathematics. 
Most people have some appreciation of mathematics, just as most people can 
enjoy a pleasant tune; and there are probably more people really interested 
in mathematics than in music. Appearances may suggest the contrary, but 
there are easy explanations.” — G. H. Hardy, A Mathematician' s Apology. 

Arming. Norman. High school mathematics cluhs. M.T. 26:70; Fell. 1933. 
Bibliography. 

Cameron, A. J. Mathematical Enterprises for Schools. New York: Pergamon 
Press, 1966. 188 pp. 

Excellent source material for enrichment purposes. 

Ca.-nahan. Walter H. Mathematics Clubs in High Schools. Washington, D.C.: 
NCTM, 1958. 32 pp. (Pamphlet) 

Cecilia, Sister Margaret. Mathematics projects. M.T. 54:527-30; Nov. 1961. 

Gives suggestive list of 100 topics for projects or mathematics club pro- 
grams. 

Cordell. Christobel. Dramatizing Mathematics. Portland. Me.: J. Weston Walch, 

1963. 170 pp. 

Collection of 17 skits, contests, etc. suitable for math club and assembly 
programs. 

Dalton, LeRoy C. Student-presented programs in a mathematics club. In Chips 
from the Mathematical Log. Mu Alpha Theta, 1966; p. 21. 

Granito, D. What to do in a mathematics club. M.T. 57:35-40; Jan. 1964. 

Hess, Adrien L. Mathematics Projects Handbook. Boston: D. C. Heath & Co., 
1962. 60 pp. (Paper) 

Bibliographic and source materials for typical projects and exhibits. 

Johnson, Donovan. Games for Learning Mathematics. Portland, Me.: J. Weston 
Walch, 1963. 176 pp. 

Description of 70 games, involving arithmetic, algebra, and geometry. 
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Johnson, Donovan. Panel games. M.T. 52:130-31; Feb. 1959. 

Using “Twenty-Question” and “What’s My Line?” techniques. 

Johnson, Donovan, and Olander, C. E. How to Use Your Bulletin Board. Wash- 
ington, D.C.: NCTM, 1955. 12 pp. (Pamphlet) 

Kelly, Inez. The Garfield Mathematics Club. M.T. 45:37; Jan. 1952. 

Levinson, R. XYZ Club. High Points 14:48; Nov. 1932. 

Manheimer, Wallace. A club project in a modern use of mathematics. M.T. 
50:350-55; May 1957. 

Card tricks, Nim, and related recreations. 

Mayall, R. N., and Mayall, M. L. Sundials: Iiow to Know, Use and Make Them. 
Boston: C. T. Branford Co., 1958. 197 pp. 

Olds, C. D. Miscellan eons topics for club talks. In Chips from the Mathematical 
Log, Mu Alpha Theta, 1966; p. 23. 

Ransom, William R. Thirty Projects for Mathematical Clubs and Exhibitions. 
Portland, Me.: J. Weston Walch, 1961. 84 pp. (Paper) 

A list of somewhat unusual topics. 

Stephanie, Sister Mary. Activities for mathematics clubs. Catholic School Journal 
56:214; Sept. 1956. 

Todd, A. The Maths Club. 166 pp; 143 diagrams. 

A handbook on mathematical activities suitable for 9-16 year old children. 
Williams, A. J. List of mathematics clubs by states. M.T. 41:293; Oct. 1948. 



11.2 Mathematical Contests and Competitions 

Although there may be some controversy concerning the educational values 
of contests and competitions in mathematics, there is little doubt about their 
popularity. Indeed, the search for mathematical talent among young people 
has taken on a serious aspect in recent years, spurred on by the intrinsic needs 
of a scientific and technological society as well as by international rivalries, 
for better or for worse. 

Berg lass, Isidore, and Kalfas, Alfred. Math Fairs for New York State. N. Y. State 
Math. Teachers Journal 15:148-50; Oct. 1965. 

Bissinger, Barnard. Science for a day. M.T. 57:546-51; Dec. 1964. 

Bleicher, Michael N. Searching for mathematical talent in Wisconsin. Am.M.Mo. 
72:412-16; Apr. 1965. 

Buck, R. Creighton. A look at mathematical competitions. Am.M.Mo. 66:201-12; 
Mar. 1959. 

Burkill, J. C., and Cundy, H. M. Mathematical Scholarship Problems. Cambridge 
University Press, 1961. 118 pp. 
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Charosh, Mannis, ed. Mathematical Challenges. Washington, D.C.: NCTM, 1965. 
135 pp. (Paper) 

A collection of problems for students in Grades 7 through 12. 

Fagerstrom, William II.. and Lloyd. Daniel B. The National High School Mathe- 
matics Contest. M.T. 51:434-39; Oct. 1958. 

Cruver, Howell L. School Mathematics Contest:. A Report, Washington, D.C.: 
NCTM, 1968. 41 pp. (Paper) 

Discusses types of contests, examples of contests, procedures and practices, 
local and national contests, information about specific individual contests. 

Hofeditz, P. II. Sequoia High School Math *i.»ain. M.T. 49:473; Oct. 1956. 

Hungarian Problem Book I. Eotvos Competitions, 1891-1905. New York: Ranaom 
House, L. W. Singer Co. Ill pp. (Paper) 

Hungarian Problem Book II. Eotvos Competitions, 1906-1928. New York: Ran- 
dom House, L. W. Singer Co. 120 pp. (Paper) 

Kneale, Brendan. A mathematics competition in California. A'^MMo. 
73:1006-10; Nov. 1966. 

Lenchner, George. Mathletes. M.T. 52:113-14; Feb. 1959. 

The MAA Problem Book, II. New Mathematical Library, no. 17. New York: Ran- 
dom House, L. W. Singer Co., 1966. 112 pp. (Paper) 

Mattson, Robert J. Mathematics leagues: stimulating interest through competition. 
M.T. 60:259-61; Mar. 1967. 

Nolan, Glenn F. Developing a contest committee for a local school district. Bui - 
let in. National Association of Secondary School Principals 49:33-35; Sept. 
1965. 

Paarlberg, Tennis. The Mathematics League. M.T. 60:38-40; Jan. 1967. 

Rabinowitz, Stanley. The Intercollegiate Mathematics League. Am.M.Mo. 
73:1004-6; Nov. 1966. 

Rapaport, Elvira. Hungarian Problem Boole I. New Mathematical Library, no. 11. 
New York: Ranaom House, L. W. Singer Co., 1963. (Paper) 

Rogler, Paul. The mathematics league. M.T. 56:223, 267, 274; Apr. 1963. 

Salkind, Charles T. Annual high school mathematics contest. M.7'. 57:75-78: 
Feh. 1964. 

Salkind, Charles T., cd. The M.A.A. Problem Booh I. New Mathematical Library, 
ii('- 5. New York: Random House, L. W. Singer Co., 1961. 154 pp. (Paper) 

A collection of problems from the annual high school contests of the M.A.A. 
for 1950-60. 

Oalkind, Charles T., cd. The M.A.A. Problem Booh //. New Mathematical Library, 
no. 17. New York: Random House, L. W. Singer Co.. 1966. 112 pp. (Paper) 

A collection of problems from the annual high school contests of the M.A.A. 
for 1961-65. 

Shklarsky, D. 0.. Chcntzov. N. N., and Yaglom, I. M. The USSR Olympiad Prob- 
lem Booh. San Francisco: W. 11. Freeman & Co., 1962. 
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Shoemaker, Richard. The evolution of a mathematics contest. Al.T 52*453-56- 
Oct. 1959. 

Smart, J. R. Searching for mathematical talent in Wisconsin, II. Am M Alo 
73:401-6; 1966. 

Straszewicz, S. Mathematical Problems and Puzzles from the Polrh Mathematical 
Olympiads. New York: Pergamon Press, 1965. 367 pp. 

St.'ihhlefield, Ethel. A community approach to general mathematics. M T 
49:195-99; Mar. 1956. 

Sussman, Irving, ed. rite USSR Olympiad Problem Book. (Translated by John 
Maykovich.) San Francisco: W. H. Freeman & Co.. 1962. 452 pp. (Paper) 

Turner, Nura D. The National Contest in High School Mathematics in Upper New 
York State. Am.Al.Mo. 67:73-74; Jan. 1960. 

Turner. Nura D. National aspects of the MAA-SA contest in the development of 
talent. Am.Al.Alo. 74:60-67; Jan. 1967. 

Turner, Nura D. Report of the Upstate New York MAA Contest Section— British 
Mathematical Olympiad Competition. Am.Al.Mo. 76:77-81; Jan. 1969. 

Turner. Nura D. Whither mathematics contest winners? Am.MMo 71 425-26- 
Apr. 1964. 

Watson, F. R. On mathematical competitions. Math.Tchg., no. 43, pp. 4—10 - 
Summer 1968. ’ 

Bibliography; 30 references. 

Wirszup, Izaak. The School Mathematics Circle and Olympiads at Moscow State 
University. M.T. 56:194-210; Apr. 1963. 

Wirszup. Izaak. The Seventh Mathematical Olympiad for Secondary School Stu- 
dents in Poland. Al.T. 51:585-89; Dec. 1958. 



m. 3 Mathematical Plays and Skits 

“The play’s the thing!” — Hamlet. 



Carnahan, Walter H. Alathcmatics Clubs in High Schools. Washington DC- 
NCTM, 1958. 32 pp. (Pamphlet) ? ‘ “ 

Gives a list of 34 mathematics plays (without titles) that appeared in 
various issues of the Alathcmatics Teacher from 1924-54. 

Cordell, Christobel. Dramatizing Alathcmatics. Portland, Me.: J. Weston Walch 
1963. 170 pp. (Paper) 

Contains 17 skits, contests and action projects for Grades 7 to 9. 

Gray, Mrs. J. T. Historically speaking. S.S.M. 52:345-56; 1952. 

A play about the development of zero, weights, measures and time; suitable 
ior intermediate and junior high school grades. 
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Schaaf, W. L. Mathematical plays and programs. Al.T. 44:526-28; 1951. 
Annotated list of 50 plays and pageants about mathematics. 

Slaught, H. E. The evolution of numbers. A play. Rec.Al.AL, no. 9, pp. 3 
June 1962. 

Reprint of a well-known play based on mathematical history. 

Willerding, Margaret. Dramatizing mathematics. S.S.M. 60:99-104; 1960. 
Extensive bibliography on mathematical plays. 



Chapter 12 
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12.1 Aesthetics and Mathematics 

“Art is an expression of the world order and is therefore orderly, organic, 

subject to mathematical law. and susceptible of mathematical analysis. 55 

Claude Bragdon. The Beautiful Necessity. 



Ahern, Lorclla. Art in geometry. M.T. 32:156-62: 1939. 

Birk !‘fi A **thetic Measure. Cambridge, Mass.: Harvard University Press 
LViS. 226 pp. 

Aesthetic theory, polygonal forms, ornaments and tiling. 

Birkhoff, G. D. Polygonal forms. NCTiM, Sixth Yearbook, 1931: pp. 165-95. 

Bragdon, Claude. Art and arithmetic. Theater Arts Magazine 8:505-14: 1924. 

Column, Samuel, and Coan, C. A. Proportional Form. New York- G P Putnam 5 *? 
Sons, 1920. 265 pp. ' * 

Mathematical forms in Nature, in the human figure, and in art and archi- 
tecture. 

Court, N. A. Mathematics and esthetics. S.S.M. 30:31-32: 1930. 

Craven. T. J. Art and relativity. Dial 70:535-39: 1921. 

Davis. R. C. An evaluation and test of BirkholFs aesthetic measure formula. Jour- 
nal of General Psychology 15:231-40: 1936. 

Dubisch. Roy. A mathematical approach to aesthetics. S.SJI. 41:718-23: 1941. 

EmC 1900 rnOltl Ma,l,cma,ical Principles of aesthetic forms. Monist 11:50-64: 

Evans, Griffith. Form and appreciation. NCTM, Eleventh Yearbook , 1936; pp. 
245-58. 

Gardner, Martin. 'Phe eerie mathematical art of Maurits C. Escher. Sci.Am 
214:110-2] ; Apr. 1966. 

Gardner, Martin. On the relation between mathematics and the ordered pattern*? 
of op art. Sci.Am. 213:100-104: July 1965. 

Ghyka, Matila. Essai sur lc Rythme. Paris: Gallinuml, 1938. 186 pp. 
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Glivka, Matila. Esthetique des proportions dans la nature et dans les arts. Paris: 
’ Gallimard, 1927. 452 pp. 

Gliyka. Matila. The Geometry of Art and Life. New York: Sliced & Ward, 1946. 
174 pp. 

Harmon, Leon, and Knowltou. K. Picture processing by computer. Science 
164:19-29; Apr. 4, 1969. 

Computers for processing graphic material in science, engineering and art; 
bibliography, 34 references. 

Hillman, T. P. Colors, geometric forms, art, and mathematics. A.T. 14:448-52: 
Oct. 1967. 

Ivins, W. M. Art and Geometry. Cambridge, Mass.: Harvard University Press, 

1946. 135 pp. 

Scholarly discourse on the history of geometric ideas and the development 
of art. 

Kandinsky, Wassily. Point and Line to Plane. 2d ed. New York: Solomon R. 
Guggenheim Foundation, 1947. 197 pp. 

Relation of geometric ideas to non-objective {tainting; by a pioneer in this 
field of art. 

Liet/.mann. Walther. Mathcmatih and bildende Kunst. Breslau: F. Hirt, 1931. 
150 pp. 

Composition of paintings, perspective, has relief, the human figure, orna- 
ment in utensils, etc. 

Levy, Hyman. Modern Science. ‘New York: Alfred A. Knopf, 1939. 

Chapter 29: “Geometric Thinking and Feeling,” a brief discussion of 
geometric and artistic forms. 

Moritz, R. E. On the beauty of geometric forms. Scrip.M. 4:25-36; 1936. 

Motse, Marston. Mathematics and the arts. Yale Review, vol. 40. no. 4. pp. 
604-12 ; June 1951. 

Mott-Smith, John. Computers and art. A.T. 16:169-72; Mar. 1969. 

Ogden, R. M. Naive geometry in the psychology of art. American Journal of 
Psychology 49:198-216; 1937. 

Schillinger. Joseph. The. Mathematical Pasis of the Arts. New York: Philosophi- 
cal Library, 1948. 696 pp. 

A ponderous omnibus work presenting a unique approach to mathematical 
concepts in design, music and other arts; variously acclaimed as well as 
denigrated. 

Smith, D. E. Esthetics and mathematics. i\1.T. 20:419-28; 1927. 

Weidcman. C. C., and Giles. M. A. Integration of geometric form and art ideas. 
Proceedings, National Education Association, 1937 ; pp. 207 IT. 
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Winsey, A. R., and Sands, L. B. Contributions of mathematics in the development 
of art. S.S.M. 42:845-52; 1942. 

Wolff, Georg. Mathematics and the arts. NCTM Eleventh Yearbook, 1936, pp. 
226-44. 



12.2 Architecture and Mathematics 

“So the organic approach in thought is important today because we have 
begun, here and there, to act on these terms even when unaware of the con- 
ceptual implications. This development has gone on in architecture from 
Sullivan and Frank Lloyd Wright to the new architects in Europe . . . who 
have begun to crystallize in a fresh pattern the whole neotechnic environ- 
ment.’ 5 — Lewis Mumford, Technics and Civilization. 

Beard. R. S. The Fibonacci drawing hoard — Design of the Great Pyramid of Gizeh. 
Fib.Q. 6:85-87; Feb. 1968. 

Boyd, Rutherford. The controls over design. Architecture, June 1935; pp. 311-18. 
Bragdon. Claude. The Beautiful Necessity. New York: Alfred A. Knopf, 1922. 

111pp. 

Bragdon, Claude. The Frozen Fountain. New York: Alfred A. Knopf, 1932. 125 pp. 
Essays on architecture and the art of design in space. 

Craver. Mary. The mathematical foundations of architecture. M.T. 32:147-55; 
1939. 

Freese, E. I. The Geometry of architectural drafting. Pencil Points, Aug. 1929 
through Dec. 1932. 

A series of articles; “excellent material, noteworthy figures” (Adrian 
Struyk) . 

Lund, F. M. Ad Quadrat um: A Study of Geometric Bases of Classic and Medieval 
Religious Architecture. 2 vol.; 1921. 

Moynihan, R., et al. Anatomy of design. Journal, Royal Institute of British Archi- 
tecture, ser. 3, 59:416; Nov. 1952. 

Phillips, E. C. Some applications of mathematics to architecture: Gothic tracery 
curves. Am.M.Mo. 33:361-68: 1926. 

Preziosi, Donald. Harmonic design in Minoan architecture. Fib.Q. 6:370-84: 
Dec. 1968. 

Salit, Charles. The geometric form as an architectural matrix. M.T. 39:113-16: 
1946. 

Salvadori, Mario. Mathematics in Architecture. New York: Prentice-Hall, 1968. 
173 pp. 

Scholfield. P. II. The Theory of Proportion in Architecture. Cambridge University 
Press’ 1958. 
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Shedd, C. R. Mathematical arches. Scrip JM. 11:362-63; 1945. 

■ Sleight, Norma. Arches through the ages. S.S.M. 45:21-25; 1945. 

Sykes, Mallei. Source Book of Problems for Geometry. Boston: Allyn & Bacon, 
1912. 

Long out of print; many excellent examples of Gothic arches and Gothic 
traceries. 



12.3 Ornament and Design 

“Symmetry, as wide or as narrow as you may define its meaning, is one 
idea by which man through the ages had tried to comprehend and create 
order, beauty and perfection.” — Hermann Weyl, Symmetry. 



Baravalle. H. von. Dynamic beauty of geometrical forms. Scrip.M. 12:294-97; 
1946. 

Four plates; no text. 

Baravalle, H. von. Geometric als Spruchc der Formal. Freiburg im Breisgau, 
Germany: Novalis-Verlag, 1957. 

Baravalle, H. von. Geometry at the Junior High School Grades and the Waldorf 
School Plan. Garden City, N.Y.: Adelphi College, 1948. 32 pp. (Paper) 

Baravalle, H. von. Transformation of curves by inversion. Scrip.M. 14:113-25; 
266-72; 1948. 

Baravalle, H. von. The number e — the base of natural logarithms. M.T. 
38:350-55; 1945. 

Designs based on logarithmic spirals. 

Barlow, Bronson. Mathematics of Design, for Use in Arts, Letters and Science. 
Chicago: The Author, 1929. fO.P.) 

Baugher, Carol. An adventure with spirals. Pentagon 20:78-85; Spring 1961. 
Spirals in nature and in art. 

Bense, Max. Konturen einer Geistgeschichtc der Mathematih: (11) Die Mathe- 
matik in der Kunst. Hamburg: Classen & Goverts, 1949, 213 pp. 

Die Mathematik in der Ornament, pp. 57-77. 

Bense, Max. Die Mathematik in der Ornamentik. Kunstwerk 19:25-27; Oct. 1965. 

Bindel, Ernst. Ilarmonien im Reich c der Geometric. Stuttgart: Verlag Freies 
Geistesleben, 1964. 69 pp. 

Discusses the role of regular and semiregular figures in design. Based on 
idea o*«ted by Kepler in Harmonicas mundi. (1619) ; over 100 figures 
am *.es showing geometry in harmonious design. 

Blake, E. M. A method for the creation of geometric designs. Journal of Aes- 
thetics & Art Criticism, vol. 7, 1949. 
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Blake, E. M. Method for the creation of geometric designs based on structure. 
Journal , American Ceramic Society 28:156-67; 1945. 

Boyd, Rutherford, Mathematical ideas in design. Scrip.M. 14:128-35: 1948. 

Boyd, Rutherford. Mathematical Themes in Ornament. See files of Scrip.M. 
Scores of plates; no text. 

Bragdon, Claude. Ornament from magic squares. Architectural Record 60:506-16; 
1926. 



Bragdon, Claude. More ornament from magic squares. Architectural Record 
62:473-80: 1927. 

Bragdon, Claude. Ornament from the Platonic solids. Architectural Record 
63:504-12; 1928. 



Bragc. •n. Claude. r 'rojecdve Ornament. Rochester. N.Y.. 1915. 

Capart, Jean. I An egyptien ; Deuxieme Panic, IV; Lcs Arts mineurs. 
Vromant & Cie., 1922. 



Brussels: 



Cartlidge, S. J. Original Design: Geometric Pattern for Beginners. New York: 
E. P. Dutton & Co., 1923. 

Collatz, L. Cleiclnmgen gcometrische Ornamente. Z.M.N.U. 64:165-69; 1933. 

Computer Art Contest. Computers and Automation 15:8-13; Aug. 1966. 

Crane, Walter. The Bases of Design. London: C. Bell & Sons, 1925. 

Crane, Walter. Line and Form. London: G. Bell & Sons, 1914. 287 pp. 

Danzig, Tobias. Number, the Language of Science. 2d ed. New York: Macmillan 
Co., 1939. 

Appendix contains a criticism of the occult in geometry. 

Dehn, M. Ueber Ornamentik. 1939. 33 pp. 

El-Milick, M. Elements (V Algebra Ornementale. Paris: Dunod, 1936. 

Ornamental curves representing complicated algebraic equations. 

Escher, Maurits Cornelis. The Graphic Work of M. C. Eschcr. London: Oldbournc 
Press, 1961. 

Delightful, and absolutely unique; must he seen to he appreciated. 

Escher, M. C. 7 he Graphic Work of HI. C. Escher. London: Oldbou rne Press. 
1960; New York: Duel]. Sloan & Pearce, 1961. 

Comments in Math. Reviews 27:859-60, 1963: also, Math. Reviews 28:1184. 
1964, 



Feibelman, J. K. Aesthetics. New York, 1949. 

I’ijcs loth, L. Regular h igu res. New York: Pergamon Press, 1964. 
Fortova-Samalova, Pavla. Egyptian Ornament. London: A. Wingate, 1963. 
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Glasser. L. Teaching symmetry— the use of decorations. Journal, Chemical Edu- 
cation, vol. 44. no. 9, pp. 502-11; Sept. 1967. 

Havkin. Nathan Ben-Zion. Ornamography: the principles of geometrical ornament 
and its use in decorative arts. Jerusalem: K. Mass, 1945. 32 pp. H“ 192 plates. 

Hay. David. The Science of Beauty. Edinburgh. 1856. 

Hillman, Thomas P. Colors, geometric forms, art, and mathematics. A.T. 
14:448-52; Oct. 1967. 

Jones, Owen. The Grammar of Ornament . London: Bernard Quaritch, 1856. 1868; 
reprinted, 1910. 

Kielland. Else C. Geometry in Egyptian Art. London: A. Tiranti, 1955. 

Laposky. Ben F. Electronic abstractions: mathematics in design. R.M.M. no. 4, 
pp. 14-20; Aug. 1961. 

May, Kenneth 0. Mathematics and art. M.T. 60:568-72; Oct. 1967. 

Menninger. Karl. Zwischen Raum and Zahl. Frankfurt a. M.: Ullstcin Biichci, 
1960. 222 pp. (Paper) 

Written for the layman; concerns the nature of mathematics in general, 
and the geometry of design in particular. 

Muller. Edith. Gruppentheoretische and slrukturanalytische IJntersuchungen der 
muurischen Ornamente aus der Alhambra in Granada. Riischlikon, Buch- 
drukerei Bauhlatt A.-G., 1944. 128 pp. 

Petrie, W. M. Flinders. Decorative Patterns of the Ancient World. London: Uni- 
versity College, 1930. 

Riefstahl, Elizabeth. Patterned Textiles in Pharaonic Egypt. New York: Brooklyn 
Museum, Brooklyn Institute of Arts and Sciences, 1944. 

Seymour. Dale, and Schadler, Reuben. Creative Constructions. Palo Alto. Calif.: 
Creative Publications, 1850 Fulton Ave.; 1968. 64 pp. (Paper) 

Inscriptions of polygons and creative designs based on these constructions; 
in color. 

Seymour, Dale, and Snider, Joyce. Line Designs. Palo Alto, Calif.: Creative 
Publications, 1850 Fulton Avc.; 1968. 58 pp. (Paper) 

Methods for creating designs by use of straight lines only; curve stitching; 
in color. 

Shulmikov, A. V., and Belov, N. V. Colored Symmetry. New York: Macmillan Co., 
1964. 

Stover. Donald W. Mosaics. Boston: Houghton-Mifflin Co., 1966. 34 pp. (Paper) 

Tessin, L. D. Developing the geometric design. School Arts Magazine 25:432-35: 
1926. 

Young. J. W. Symmetry. NCTM, Fifth Yearbook, 1930: pp. 145-48. 

Wall. Drury. The art of mathematics. The Iowa Alumni Review, June 4, 1965; 

pp. 8-10. 

“Painting by numbers": patterns and pictures based on numbers. 
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Wells, F. B., and Cutler, E. H. A modification of a figure suggested by Bovd 
Scrip.M. 24:339-43; 1959. 



1 2.4 Painting— Drawing— Perspective 

“For several reasons the problem of depicting the real world led the Renais- 
sance painteis to mathematics. . . . Stripped of color and substance, the objects 
that painteis put on canvas are geometrical bodies located in space. The 
language for dealing with these idealized objects, the properties they possess 
as idealizations, and the exact relationships that describe their relative loca- 
tions in space are all incorporated in Euclidean geometry. The artists need 
only avail themselves of it. Morris Kline, Mathematics in Western Culture. 



Baravalle, Hermann von. Perspective. Bern: Troxler-Verlag, 1952. 64 pp. 

Bimini, Miriam. Space in Medieval Painting and the Forerunners of Perspective. 
New York: Columbia University Press, 1940. 

Cole, Rex V. Perspective. London: Seeley, Service & Co.. 1927. 

Fry, Rogers. Vision and Design. Baltimore: Penguin Books, 1937; pp. 112-68. 

Helmholtz, Herman von. Popular Lectures on Scientific Subjects. New York: 
Dover Publications. 1962; pp. 250-86. 

Johnson, Martin. Art and Scientific Thought. Part 4. London: Farber & Farber 
1944. 

Kline. Mor.is. Mathematics for Liberal Arts. Reading. Mass.: Addison-Weslev 

1967. 577 pp. 

Chapter 10: “Mathematics and Painting in the Renaissance”; pp. 209-31. 

Kline, Morris. Mathematics in Western Culture. New York: Oxford University 
Press, 1953. 

Chapter 10: “Painting and Perspective”; pp. 126-43. 

Lawson, Philip J. Practical Perspective Drawing. New York: McGraw-Hill Book 
Co., 1943. 

Levy. Edgar. Notes toward a program for painting. Columbia University Forum 
vol. 4, no. 2, p. 5-12; 1961. 

Brief allusion to relationship of geometry to art. 

Leitzmann, Walther. Lustiges and Merkwiirdiges von Zahlen and Formen. 4th ed. 
Breslau: F. Hirt. 1930. 307 pp. 

Geometry and painting, pp. 292-98; parquet designs, pp. 239-44. 

Panofsky, Erwin. Diirer as a mathematician. In The World of Mathematics , 
James R. Newman. New York: Simon & Schuster, 1956; pp. 603-21. 
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Panofsky, Erwin. Meaning in the Visual Arts. Garden City, N.Y.: Doubleday & 
Co., Anchor Books, 1955; Chapter 6. 

Porter, A. T. The Principles of Perspective. London: University of London Press, 
1927. 

Richter, Inna. Rhythmic Form in Art. London: John Lane, 1932. 127 pp. 

Principles of perspective and dynamic symmetry as exemplified in the 
works of the great masters. 

Schudeisky, Albrecht. Geometrisches Zeichnen. Leipzig: Teubner, 1919. 99 pp. 

Wolff, Georg. Mathematik and Malerei. Leipzig: Teubner, 1925. 85 pp. (Paper) 
Perspective in painting; composition; brief bibliography. 

Wulff-Parchim, L. Diirer als Mathematiker. 1928. 

12.5 The Golden Measure — Dynamic Symmetry 

“The Golden Section therefore imposes itself whenever we want by a new 
subdivision to make tw r o equal consecutive parts or segments fit into a geo- 
metric progression, combining thus the threefold effect of equipartition, suc- 
cession, continuous proportion; the use of the Golden Section being only a 
particular case of a more general rule, the recurrence of the same proportions 
in the elements of a whole.” — Heinrich Timerding. 

Amata, Sister M. A mathematical secret of beauty. Summation (ATM), vol. 11, 
no. 6, pp. 50-57; June 1966. 

Bax, James A. The Golden Section. In The Mathematics (Dept, of Math., 
Florida Atlantic University), vol. 2, no. 1, pp. 1-8; Mar. 1967. 

Beard, Robert S. Powers of the Golden Section. Fib.Q. 4:163-67; Apr. 1966. 
Beiler, Albert H. Recreations in the Theory of Numbers. Dover, 1964. 
“Theorema Aureum,” pp. 200-210; Golden Section. 

Berg, Murray. Phi, the Golden Ratio (to 4599 Decimal Places), and Fibonacci 
Numbers. Fib.Q. 4: 157—62 ; Apr. 1966. 

Borissavlievitch, M. The Golden Number and the Scientific Aesthetics of Archi- 
tecture. New York: Philosophical Library, 1958. 96 pp. 

Brooke, Maxey. The Section called Golden. J.R.M. 2:61-64; Jan. 1969. 

Coxeter, H. S. M. Introduction to Geometry. New York: John Wiley & Son, 1961. 

Chapter 11: “The Golden Section and Phyllotaxis.” Deals with mean and 
extreme ratio; de divina proportione; the golden spiral; the Fibonacci num- 
bers; phyllotaxis. 

Frisinger and Dence. Problem 177. Pentagon, vol. 24, no. 2, pp. 102-3; Sprmg 
1965. 

Note on dynamic symmetry. 
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Gardner, Martin. The Second Scientific American Book of Mathematical PuzHes 
and Diversions. New York: Simon & Schuster, 1961. 

“Phi: The Golden Ratio," pp. 89-103. 

Holt, Marvin. The Golden Section. Pentagon 23:80-104; Spring 1964. 

Joseph, M. R. Golden Section compasses. M.T. 47:338-39; May 1954. 

Mystery Puzzler and Phi. M.T. 59:472; May 1966. 

Marie Stephen, Sister, 9.P. The mysterious number Phi. M.T. 49:200-204; Mar. 
1956. 

Pruitt, Robert. Fibonacci and Lucas numbers in the sequence of golden numbers 
1'ib.Q. 5:175-78; Apr. 1967. 

Sequence of golden numbers refers to the altitudes of nested -olden 
rectangles. 

Raab, Joseph A. The Golden Rectangle and Fibonacci sequence, as related to the 
Pascal triangle. M.T. 55:538-43; Nov. 1962. Bibliography. 

Satterly, John. Meet Mr. Tau. S.S./17. 56:731-41; 1956. 

Satterly, John. Meet Mr. Tau again. S.S.M. 57:150-51: Feb. 1957. 

School Mathematics Study Group. Reprint Series. Edited by W. L. Schaaf. The 
Golden Measure. S.M.S.G., Stanford University, 1967. 46 pp. (Paper) 

Four essays, by R. F. Graesser, H. von Baravalle, J. Satterly, and IJ. S. M. 
Coxeter. Bibliography. 

Thoro, D. E. Beginners’ corner: the Golden Ratio: computational considerations 
hib.Q. Oct. 1963, pp. 53-59. 

Valens, Evans C. The Number of Things: Pythagoras, Geometry and Humming 
Strings. New York: E. P. Dutton & Co., 1964. 189 pp. 

Chapters 5, 12. 

Wlodaiski, J. Achieving the Golden Ratio" by grouping the “element arv" par- 
ticles. fib.Q. 5:193-94; Apr. 1967. ' 1 

Relation of the golden ratio to the particles of nuclear physics. 

Wlodarski, J. The “Golden Ratio" and the Fibonacci numbers in the world of 
atoms. Fib.Q. 1:61-63; 1963. 

Wlodarski, J. More about the “Golden Ratio" in the world of atom* Fib O 
6:244 ff.; Oct. 1968. ~ 

Zippin, Leo. Uses of Infinity. New Mathematical Library. New York- Random 
House, L. W. Singer Co., 1962. 151 pp. (Paper) 

The Self-Perpetuating Golden Rectangle; pp. 75-95. 



12.6 Literature and Mathematics 

Professional poets are very often, more frequently than mathematicians, 
bad critics of themselves and their work. The wisest of them refuse to talk 
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about poetry, leaving analysis and description to their more voluble com- 
panions. the critics. "- -Scott Buchanan. Poetry and Mathematics. 



Archibald, havmond Clare. Mathematicians, and poetry and drama. Science 
89:19-26. 46-50; Jan. 13-20. 1939. 

Extensive bibliography. 

Bertotli, Joseph M. The mathematics vocabulary of current periodical literature. 
M.T. 34:317-19: 1911. 



Cassel, A., and Wolf. E. Overlapping in literature and mathematics. California 
Journal of Secondary Education 6:322-26; 1931. 

Kline. Morris. The influence of Newtonian mathematics on literature and aes- 
thetics. ill. Mag. 28:93-102; 1954-55. 



Lasswitz, K. Die Welt and der Mathematihns. Ausgewiilte Dichtungen Ilrsg. von 
W. Lictzmann. London, n.d. 

A collection of poems by a renowned teacher. 

Locher, I.ouis. Goethe's attitude toward mathematics. N.M.M. 11:131-45; 1936. 

Macdonald. Louise A. Interplav of mathematics and English. M.T. 18-984-95 • 
1925. 



MacSear. Martha. Mathematics in current literature. 
30:48-50: 1923. 



Pedagogical Seminary 



McDonough. James T., Jr. Classics and computers. Columbia University, Grad- 
uate Faculties Newsletter . March 1962. pp. 4-5. 



Discusses pos>ihlc uses and limitations of electronic 
lion with the study of classical literature. 



computers in connec- 



Moigun, B. Q. On the use of munhers in the Nihehmgeulied. Journal of English 
and German Philology 36:10-20: 1937. 

I oiges. Arthur. Mathematics and science liet-wi. Eos Angeles Mathematics News- 
letter, vol. 3. no. 1 . p. 1 ; Nov. 1955. 

Touton, Frank C. Mathematical concepts in current literature. S.S.M. 23:648-55- 
1923. 



Usai. G. Matcmatica e poesia. Catania. 1932. 

Wilczvnski, E. J. Poetry and mathematics. University Chronicle 3:191-204: 1900. 
Wylie, Clarence K. Mathematical allusions in Poe. Sci.Mo. 43:227—35: 1946. 



12.7 Music and Mathematics 

There is geometry in the humming of the strings. 

'1 here is music in the spacing of the spheres. 

Pythagoras 

Amir-Mocz. Ali 1L Mathematics of music. R.M.M., no. 3. pp. 31-36: June 1961. 




174 . 



recreational mathematics 



A’mr.Mofe, AH li. Numbers and tl.c music of Eust and West. ScripM. 22:268-70; 

Barbour, j. M. .Music and Icmary cominned fractious. AmMJh. 55:545-55; 

Blackburn, E. D. The physics of (he piano. ScUm. 213:88-99; Dec 1965 
r °'6i:783-8V; J De?i968. si " C<! "" — ~«b century. M.T. 

urnfe. Co!l 1937 , . ,C,, ’ lnlr0,l " clhn <° «"*«• 

Properties of musical sounds/* pp. 370-78. 

Coxeter, H. S. M. Music and mallicnialics. M.T 61-31^-20- Mur lorn i> 
primed from 7/ic Canadian Music Journal 6:13-24- 1962 ’ Ke ‘ 

Debuan, Morion. Coumcrpoim as an equivalence relalion. M.T. 60:137-38: 1967. 

escartes, Blanche. Wbv are series musical? Eureka 16:18; 1953. 

Furman, Vi ai cr. Legacy for a jazz pianisl. Exponent, June 1958. p. 5. 

ar -m Duncan. Fundamental Mathematics. New York: Prenlice-Hall. 1941 
Octaves: harmonics,” p. 35; 76-78. 

XlrTn i“5 "»•*** ** * 

Dover L . Jicali.^1954 57 |' pp LOndo "' I863 -> Nw Ywk: 

H ° 0l &’Co! b 19M. and Sll3lTer ’ Douglas - Malh « nd Aftermath. New York: Walker 
Of Clocks and Violins,” pp 68-77 

aC 'pp a i-23 Can Apri'«6 "' C S '' aPe 3 d ™ m? A " aU, °- no. 4. p,. If. 

s asa tc 

“Logs, Pianos and Spirals.” pp. 117-32. 

U ''?9:56i-70; K i92 V 9. SCl ** ,osical "™*« »< music, l/oum 

Rather technical application of Boolean algebra. 

Lawhs Frank. The basis of musicmathematics. M.T. 60:593-96; Oct. 1967. 

35: 13-20 ^1%Z ^ ° ° ng,nal creations of the human spirit. M.Mag. 

0,1 a ” d ^ver Me, ? Mnsie . 
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Pines, Gladys. Mathematics in the arts (music). Summation (ATM), vol. 11, no. 
6, pp. 58-60; June 1966. 

Rhoades, Patrick Alan. Pi in the key of C. Indiana Mathematics News Letter, 
Oct. 1966, pp. 3-4. 

Rice. Jack A. The aflinity of mathematics to music. M.T. 61:268-71; Mar. 1968. 

Ridout, Theodore C. Sebastian and the “Wolf.” M.T. 48:84-86; 1955. 

Saminsky, Lazare. Physics and Metaphysics of Music and Essays on the Philosophy 
of Mathematics. The Hague: Martinas Nijhoff, 1957; 151 pp. 

A curious work; sophisticated and scholarly, hut unorganized and con- 
troversial. 

School Mathematics Study Group. Reprint Series. Edited by W. L. Scliaaf. 
Mathematics and Music. S.M.S.G., Stanford Univ.. 1967. 25 pp. (Paper) 

Essays by Elmer Mode, A. R. Amir-Moez, and Theodore Ridout. 

Silver, A. L. Leigh. Some musico-mathematical curiosities. M.Gaz. 48:1-17; 
Feb. 1964. 

Tannery, Paul. Memoir es Scientifiques. Vol. 3. Paris: Gautliier-Villars, 1915. 

Du role de la inusique grecque dans le developpement de la mathematique 
pure; pp. 68-89. 

Sur un point d’histoire de la musique grecque; pp. 90-96. 

Sur les intervalles de la musique grecque; p. 97-115. 

Un traite grec d’arithmetique anterieur a Euclide; pp. 244-50. 

Sur le Spondaisme dans l’ancienne musique grecque; pp. 299-309. 

Thernell. Beverly. Correlating music with mathematics. In The Mathematics (3a*. 
(Dept, of Math., Florida Atlantic University), vol. 2, no. 1, pp. 20-27; Mar. 
1967. 

Valens. Evans G. The Number of Things: Pythagoras, Geometry, and. Humming 
Strings. New York: E. P. Dutton & Co., 1964. 

Chapter 14: “Geometry for Listening”; Chapter 15: “Means and Ends”; 
Chapter 16: “Harmony and Harmonics”; Chapter 17: “Music of the 
Spheres.” 



12.8 Music and Computers 

Apparently we have entered the age in which musical sounds, including 
the singing voice, can be generated by a suitable digital computer. To this 
end certain wave forms can be generated rather readily: sine waves, rectangu- 
lar waves and sawtooth waves. It is too early, however, to assess the signifi- 
cance of this development. 



Berkeley, Edmund. The Computer Revolution. Carden City. N.Y.: Doubledav & 
Co., 1962. 

“Music by Computers,” pp. 170-71. 
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Hiller, Lejaren. Computer music. Sci.Am., Dee. 1959. 



Hiller. Lejaren, and Beauchamp. James. 
Science 150:161-69: Oct. 8. 1965. 

Bibliography, 26 ref. 



Research in music with electronics. 



Mathews. M. V. An acoustic compiler for music and psychological stimuli. Bell 
System Technical Journal '10:677 ; 1961. 



Mathews. M. V.; Pierce. J. R.: and Cuttmau, N. Musical sounds from digital 
computers. Cruvesaner Bluett er, vol. 6. no. 23/24, p. 119: 1926. 

Moles. A. A. Les musiques experimentales. Paris: Editions du Cercle (PA it Con- 
tem])orain. 1960. 

Pierce. J. R.. et al. Music from mathematics. Science 139:28-29: Jan. 4, 1963. 

This is a review of a Decca recording (DL9103, 1962. 33*/h rpm) of music 
played by IBM 7090 Computer and digital-to- < 'omui transducer. Review by 
Melville Clark, Jr. 



Pinkerton. Richard C. Information theorv and melody. Sci.Am. 194:77-86: Feb. 
1956. 



Prieberg, F. K. Musiat ex Mu china. Berlin: Ullslein, 1960. 

Strang. Gerald. The Computer in musical composition. Computers & Automation, 
vol. 15, no. 8, pp. 16-17: Aug. 1966. 




Chapter 13 






13.1 The Naturalist and Mathematics 

“There is no science which teaches the harmonies of nature more clearly 
than mathematics.” — Paul Carus. 

“The essential fact is that all the pictures which science now draws of 
nature, and which alone seem capable of according with observational facts : 
are mathematical pictures ." — Sir James Jeans. 

Alfred. Brother. On the trail of the California Pine. Fib.Q. 6:69-76: Feb. 1968. 
Discussion of spiral patterns on California pine cones. 

“Animal Counting. 5 ' Nature, 33:45. 

Basin. S. L. The Fibonacci sequence as it appears in Nature. Fib.Q., Feb. 1963. 
pp. 53-56. 

Baugher, Carol. An adventure with spirals. Pentagon 20:78-85; Spring 1961. 
Spirals in nature and in art. 

Blake. Sue. Some of Nature’s curves. S.S./17. 36:245-49, 486-89, 717—21 : 1936. 

Bowers, II., and Bowers. J. Arithmetical Excursions. New York: Dover Publica- 
tions, 1961. 

“Nature and Number, 5 ' pp. 257-62. 

Boys, C. V. Soup Hubbles: Their Colours and the Forces which Mold Them. New 
York: Dover Publications. 1959. 193 pp. (Paper) 

Reprint of the 2nd edition of 1912. 

Column, Samuel, and Coan, C. Arthur. Nature's Harmonic Unity. New York: G. P. 
Putnam’s Cons, 1912. 327 pp. 

Cook. T. A. The Curves of Life. London: New York: Henry Holt & Co., 1914. 
Coxeter. II. S. M. Introduction to Geometry. New York: John Wiley & Sons, 1961. 
Phyllotaxis: pp. 169-72. 

Dantzig. Tobias. Number, the Language oj Science. New York: Macmillan Co., 
3030. 

Number sense in animals, pp. 1-4. 
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EmC 70 «n"w' 1,en,alics an<l e "«'»eering in Nature. Popular Science 
79:450-58; 1911. 

Fabre, Jean Henri. The Geometry of the Epcira’s Web. In Mathematics , bv 
969°78 ,n< IIC,en Wli ” l "‘ New York: Washington Square Press, 

c ar ( iuer, Martin. The Ambidextrous Universe. New York: Basic Books 1964 
2.V 4 pp. ? 

Discussion of mirror-imagery. asymmetry in plants and animals, the fourth 
dimension, and related i o pies. 

C ins burg. Abraham M. The sine function in Nature. High Points 19-69-70- 1937 
(Also, reviewed in M.T. 31:35: 1938.) 

HiC ^lM« Cy ° f CCr!ai " Slu "" S Nat,,re an<l '“Sinking- U.T. 

In ^GctpfcrlT ,S, ' i2<! lN '"'" k ‘ rS - ' v ™ York Ti " m ’ April 4. 1954 (Waldnmcer 

Koehler. 0. Ability of birds to count. Nature 168:373-75; Sept. 1. 1951. 

Kramer. Edna The Main Stream of Mathematics. New York: Oxford University 
Press. 195i : Chapter 2. pp. 23-47. 

C0 ' Cara '" S ll "" C Cr ° SS - W<l,li " s - Sd ™«- 

Patterns in Nature. 

"'"" Cri,:al rdali0 " S Nmm - Londmi Qwerty Review, 

McNabb, Sister Mary. Phyllotaxis. l'ib.Q., Dec. 1963, pp. 57-60. 

Pettigrew. J. Bell. Design in Nature. 3 vol. 1908. 

Sanders. S. T. Mathematics and Nature. N.M.M. 16:58: 1941. 

Shepherd, -W. Nature’s wonders and mysteries. Science Digest 27:46: June 1950. 
SICid Doc A 19S’ Le,,ei 0,1 l>aSCa,V lrianglc exemplified in biology. A.T. 10:517; 

Smith, Cyril S. The shape of things. Sci.Am. 190:58-64: Jan. 1954. 

Tll0, 346 ) ",p D A,Cy ' ° H Gr0Wth U,Ul F ° rm - Ca,u,,ri<l S e University Press, 1966. 

WeisSj^Paul.^ Beau t v and the beast: life and the rule of order. Sci.Mo. 81:286-99; 

Excellent photographs; geometry of living organisms. 

Whyte Lancelot L ed Aspects of Form: A Symposium on Form, in Nature and 
Art. New York: Elsevier, 1968. 254 pp. 

Reprint of the 1951 edition with a new preface. 

13.2 Bees and Honeycombs 

"in building her hexagonal cells, with their Boors consisting of three 
ozenges, the bee solves with absolute precision the arduous problem of how 
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lo achieve the maximum result at a minimum cost, a problem whose solution 
by man would demand a powerful mathematical mind.” — Henri Fabre. 

Hall, W. W. Rouse. Mathematical Recreations and Essays. 10th ed. New York: 
Macmillan Co., 1926. 

Chapter VIII: “Rees and their Cells." 

Hleicher, M. N., and Fejes Toth, L. Two-dimensional honeycombs. Am.M.Mo. 
. 72:969-73; Nov. 1963. 

Bryant. Sophia. On the ideal geometrical form of natird cell-structure. Proceed- 
ings, London Mathematical Society 16:311-13; lb- -83. 

Fejes Toth, L. What the bees know and what they do not know. Bulletin, American 
Mathematical Society 70:468-81; July 1964. 

Bibliography; 10 references. 

Maclaurin, Colin. On the bases of the cells wherein the bees deposit their honey. 
Philosophical Transactions of the Royal Society 42:565-71; London, 1743. 

Siemens, David F. Of bees and mathematicians. M.T. 60:758-61; Nov. 1967. 

Siemens, David F. The mathematics of the honeycomb. M.T. 58:334-37; Apr. 
1965. Bibliography. 

Thatcher, R. The bee’s cel,’. Math. T chg., no. 44, p. 7* Autumn 1968. 



13.3 Snowflakes and Crystals 

“Only one in a multitude of snow crystals is so ne rly symmetrical as to 
show no obvious irregularities. But this usual imperfection of form is com- 
mon to nearly all substances, especially when their crystals are comparatively 
large or rapidly produced, and may be attributed to fortuitous disturbances 
of one kind or another in the course of their growth.” — W. A. Bentley and 
W. J. Humphreys, Snow Crystals. 

Abrahams, H. J. The exhibit as a supplementary method; crystallography. S.S.M. 
36:950-56; 1936. 

Bentley, W. A., and Humphreys. W. J. Snow Crystals, New York: McGraw-Hill 
Book Co., 1931; Dover Publications, 1962. 227 pp. 

Over 200 pages of photographs, plus brief text and bibliography. 

Bond. W. L. Mathematics of the physical properties of crystals. Bell System. 
Technical Journal 22:1-72; Jan. 1943. ‘ - 

Buerger, M. J. Elementary Crystallography: An Introduction to the Fundamental 
Geometrical Features of Crystals. 1956. 

Excellent discussion of symmetry, comprehensible in terms of simple 
mathematics. 

Burckhardt, Johann J. Die Bewegungsgruppen der Kristailographie. Basel: Birk- 
hauser Verlag, 1966. 209 pp. 
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Butler, G. Montague. A Manual of Geometrical Crystallography. New York: John 
Wiley & Sons. 

llinimcl, Albert. A classroom demonstration of the crystal systems. S.S.M. 
65:56-61; Jan. 1965. 

Holden. Allen, and Singer. Phyllis. Crystals and Crystal Growing. Garden City. 
N.Y.: Donblcday &• Co.. Anchor Books. 1960. 

Nakaya. Ukchiro. Snow Crystals; Natural and Artificial. Cambridge: Harvard 
University Press, 1954. 510 pp. 

Phillips, J. McKceby. Motivating the study of solid geometry through the use of 
mineral crystals. S.S.M. 52:743-48; Dec. 1952. Also, S.S./17. 53:134-38; 
Feb. 1953. 

llidout. Theodore. The mathematical behavior of minerals. M.T. 42:88-90; 1949. 

Rogers. A. F. Mathematical study of crystal symmetry. Proceedings, American 
Academy of Arts and Sciences, vol. 61. no. 7, pp. 161-203: June 1926. 

Runnels. L. K. Ice. Sci.Am. 215:118-26; Dec. 1966. 

Geometric structure of water molecules in ice crystals. 

Tutton, A. E. H. Crystallography and Practical Crystal Measurement. 2d ed. 
2 vols. 1922. Reprint. New York: Stechert-Hafner Service Agency. 1964. 

An elaborate treatise. 

Wade. F., and Mattox. Elements of Crystallography. New York: Harper & Bros., 
I960' 

Williams. Robert E. Space-filling polyhedron: its relation to aggregates of soap 
bubbles, plant cells, and metal crystallites. Science 161:276-77; July 19, 
1968. 

Highly technical discussion of two fourteen-faced space-filling polyhedrons. 

Yale, Paul B. Geometry and Symmetry. San Francisco: Holden-Day, 1968. 288 pp. 
Introduction to Euclidean, afline. and projective spaces with emphasis on 
symmetry; contains a chapter on crystallography. For mature readers. 
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The following list of lilies is limited to books, monographs, and pamphlets 
devoted lo general collections of mathematical recreations or to miscellaneous 
recreational matters. Books and monographs dealing solely with a specific 
subject (e.g.. “magic squares,” or “cryptography. or “paperfolding,” or 
“mazes,” or “probability”) have been deliberately excluded since they are 
already listed under an appropriate heading in the Bibliography proper. 

Most of the items listed here were published after 1960. However, a number 
of earlier publications not listed in Volume I have been added; also, a few 
entries listed in the Supplement of Volume I have been repeated here for the 
reader’s possible convenience. 

Abraham. R. M. Easy-to-Do Entertainments and Diversions with Cards, String, 
Coins, Paper and Matches. New York; Dover Publications, 1961. 186 pp. 
(Paper) 

Unabridged republication of the first edition (1932) of “Winter Nights' En- 
tertainments.” 

Adams, John Paul. Puzzles jor Everybody. New York: Avon Publications, 1955. 

Adams. John Paul. IFe Dare You To Solve This! New York: Berkley Publishing 
Co., 1957. 123 pp. 

Some conventional, many original puzzles. 

Adams, Morlcv. The Children's Puzzle Book. London; Faber Popular Books, 1942. 

80 pp. 

Adler, Irving. Magic House of Numbers. New York: New American Library. 1957. 
123 pp. (Paper) 

Reprint of a work originally published by John Day, 1957. 

Ahrens, Wilhelm. Mathematische Spiele. Encyklopddie der Muthcinatischen 
IFissenschaften. Vo). 1, 1902; 16 pp. 
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Anderson, Robert Perry. Mathematical Bingo. Portland. Me.: J. Weston Walch 
1963. 75 -1- 21 pp. 

Entertaining form of practice exercises, similar to conventional Bingo. 
Covers range of junior and senior high school mathematics. 

Bacliet, Claude-Gaspar de Meziriac. Problcmes plaisantes et detect ables qui se 
font par les nombres. Paris: Albert Blanchard, 1959. 242 pp. (P-per) 

New edition of a classic work. 

Bakst. Aaron. Mathematical Puzzles and Pastimes. 2d ed. New York: D. Van 
NosUand Co., 1965. 206 pp, 

Barnard, Douglas St. Paul. Adventures in Mathematics. New York- Hawthorne 
Books, 1965. J30 pp. 

Recreational mathematics for the general reader. 

Barnard, Douglas St. Paul. A Book of Mathematical and Reasoning Problems. 
New York: D. Van Nostrand Co., 1963. 109 pp. 

A collection of 50 problems taken from the author’s “Brain Twister” column 
that appeared in the London Observer. 

Barnard, Douglas St. Paul. 50 Observer" Braintivisters. London: Faber & Faber 
1962. 109 pp. 

Barr, Stephen. A Miscellany of Puzzles: Mathematical and Otherwise. New York: 
Thomas Y. Crowell Co., 1965. 164 pp. 

Bell, R. C. Board and Table Games from Many Civilizations. New York: Oxford 
University Press, 1960. 232 pp. 

Boon, F. C. Puzzle Papers in Arithmetic. Revised ed. London: G. Bell & Sons 
1960. 

Boyei, John; Strohm, Rufus; and Pryor, George. Real Puzzles. Baltimore: Nor- 
man Remington Co., 1925. 

Bvandes, Louis G. 4th Math. Wizard. Portland, Me.: J. Weston Walch: 1962. 
252 pp. (Paper) 

Biooke. Maxey. Fun for the Money. New York: Charles Scribner's Sons. 1964. 
96 pp. 

A collection of 60 braintwisters, puzzles, and games with coins; some old. 
some new; some easy, some hard; all interesting. 

Burger, Dionys. Sphereland. New York: Thomas Y. Crowell Co., 1965-66. 208 pp. 

A witty and delightful story dealing with four domains: the straight world, 
congruence and symmetry, curved worlds, and expanding worlds. A worthy 
successor to Abbotts “Flatland.” 

Cadwell, J. S. Topics in Recreational Mathematics. Cambridge University Press. 
1966. 176 pp. 

Lai gely a collection of well-known items concerning ~. prime numbers, 
dissections, polyhedra, map-coloring, etc. A few new items are presented: 
sequences of nested polygons; application of Fibonacci numbers to com- 
puter sorting: shapes for drilling square or triangular holes; and some 
others. 
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Callandreau, E. Celebres Problemes Mathematiques. Paris. 1949. 474 pp. 

Carroll, Lewis (C. L. Dodgson). Mathematical Recreations of Lewis Carroll. 
Vol. 1: “ Symbolic Logic" and “ The Game of Logic (2 books bound as 1.) 
New York: Dover Publications, 1958. 199 -H 69 pp. 

The first book consists of some 400 logical problems involving syllogisms 
and sorites. 

Carroll, Lewis (C. L. Dodgson). Mathematical Recreations of Lewis Carroll. 
Vol. 2: “ Pilloiu Problems ” and “A Tangled Tale." (2 books bound as 1.) 
New York: Dover Publications, 1958. 109 + 152 pp. 

Pillow Problems is a classical collection of 72 sophisticated “brainteasers.” 

Collingwood, Stuart Dodgson, ed. Diversions and Digressions of Lewis Carroll. 
(Formerly titled: The Lewis Carroll Picture Book.) New York: Dover Pub- 
lications, 1961. 375 pp. 

Chapter 5: “Curiosa Mathematica”; Chapter 6: “Games and Puzzles.” 
Davidson. Jessica, and Martin. William. Mind in a Maze. New York: Prentice- 
Hall’ 1969. 

For teenagers. 

Delens, P. Problemes d’Arithmetique Amusante. 4th ed. Paris: Vuibert, 1948. 
164 pp. (Paper) 

New edition of a classic work. 

Derry, L. Games and Number. Studio Vista, 1965. 

Dinesman, Howard P. Superior Mathematical Puzzles. London: George Allen & 
Unwin, 1968. 122 pp. 

Disney, Walt. Donald in Mathmagic Land. (No. 1051). New York: Dell Pub- 
lishing Co., 1959. 32 pp. (Paper) 

Domoryad, A. P. Mathematical Games and Pastimes. (Trans, from the Russian 
by Halina Moss.) London: Pergamon Press, 1964. 298 pp. 

A refreshing approach to “standard” mathematical recreations; well or- 
ganized, sophisticated, and very readable. 

Dudeney, Henry E. Amusements in Mathematics. New York: Dover Publications, 
1958. 258 pp. (Paper) 

A reprint of the original edition of 1917. 

Dudeney, Henry E. Amusements w Mathematics, with Solutions. London: Nelson, 
1949. 

Dudeney, Henry E. Canterbury Puzzles, with Solutions. 7th ed. London: Nelson, 
1949. 

Dudeney, Henry E. A Puzzle Mine. Puzzles Collected from Dudeney’ s W orks, 
by J. Travers. London, n.d. 

Dudeney, Honry E. 536 Puzzles and Curious Problems. Edited by Martin Gard- 
ner. New York: Charles Scribner’s Sons, 1967. 428 pp. 

A combination of most of the problems in two of Dudeney’s most popular 
works: “Modern Puzzles” and “Puzzles and Curious Problems”; brief 
biographical notes on Dudeney and Sam Loyd. 
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Dumas. Enoch. Arithmetic Games. San Francisco. Calif.: Feron Publishers, 1960. 
56 pp. (Paper) 

Dunn Angela. Mathematical Bafflers. New York: McGraw-Hill Book Co 1964 
217 pp. ■’ 

Over 150 sophisticated problems, involving algebra, geometry, Diophanline 
equations, piohahilily, logic, theory of numbers. 

Dynkin. E. B and Uspcnskii W. A. Mathematical Conversions. Cesudarelov. 
Moscow. 1952. 288 pp. German translation. Berlin. 1956. 

Some 200 problems in number theory, topology, probability, etc., together 
with their solutions. 

Elbogen, G. Mathematische Spielereien. Vienna, 1903. 

Emmet, E. B. Brain Puzzler’s Delight. New York: Emerson Books, 1968. 254 pp. 

Fadiman, Clifton. Fantasia Mathematica. New York: Simon & Schuster 1958 
298 pp. : 

A collection of humorous stories and diversions related to mathematics. 

Fadunan, Clifton. The Mathematical Magpie. New York: Simon & Schuster 196“? 
oOO pp. 

A delightful collection of humor about mathematics: aphorisms, apothegm* 
anecdotes, poems, limericks, cartoons, essays, and curiosa. 

Falkener, Edward Games Ancient and Oriental and How to Play Them. New 
lork: Dover Publications, 1961. 366 pp. (Paper) 

Ferrand. Les Recreations Intelligent es. 1881. 

Ferrier, A. Les Nombres Premiers. Paris, 1947. 110 pp. 

Fihpiak, Anthony S. Mathematical Puzzles and Other Brain Twisters. New York- 
A. S. Barnes & Co., 1964. 120 pp. 

Originally published in 1942 under the title: 7 00 Puzzles: How to Make 
and l low to Solve Them. 

Eletcfer. Hdo" Jill. />„, „„ ) W Thu, Hurt Cop. New York; Abelard-Schuman. 
About 100 puzzles for ages 9 to 12. 

FriC 'so.i N ""‘ bcrs: Fm aml r " cls - New York: Charles Scribner'. 

Frohlicbslein, Hck Mathematical Fun, Games ami Puzzles. New York- Dover 
Publications, 1962. 306 pp. (Paper) 

Considerable material dealing with percentage, business arithmetic 
measurement, etc. 

I’ujii, John N. Puzzles and Graphs. Washington, D.C.: NCTM. 1966 7'? 
(Paper) “ 11 

Ga.no^ George, and Stern. Marvin. Puzzle-Math. New York: Viking P,e« 1958 
119 pp. 

Many old-time puzzles dressed up in smart new clothes. 
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Gardner, Marlin. Mathematical Puzzles. New York: Thomas Y. Crowell Co., 1961. 
For school children. 

Gardner, .Marlin, ed. Mathematical Puzzles of Sam Loyd. New York: Dover 
Publications. 1959. 167 pp. (Paper) 

More than 100 puzzles from Loyd s famous Cyclopedia of Puzzles. 

Gardner. Marlin, ed. Mathematical Puzzles of Sam Loyd. Vol. 2. New York: 
Dover Publications, 1960. 175 pp. (Paper) 

Companion volume to the above. 

Gaiduci, Martin. New Mathematical Diversions from. Scientific American. Simon 
& Schuster, 1966. 253 pp. 

Hie third of a scries of companion volumes, eacli more interesting than its 
predecessor. 



Gardner. Martin. The Numerology of Dr. Matrix. New York: Simon & Schuster 
1967. 112 pp. ' ? 

Gardner, Martin. Perplexing Puzzles and Tantalizing Teasers. New York: Simon 
& Schuster, 1969. 

For young folks. 

Gardner, Martin. I he Scientific American Book of Mathematical Puzzles and 
Diversions. New York: Simon & Schuster, 1959. 178 pp. 

Sophisticated essays on mathematical recreations, with considerable new 
material. 



Gaidnci. Mai tin. J he Second Scientific American Book of Mathematical Puzzles 
and Diversions. New York: Simon & Schuster, 1961. 251 pp. 

A companion volume to the above; many new diversions, such as tetra- 
flcxagons, Soma cubes, topology, Origami, etc. 



Gardner, Martin. The Unexpected Hanging and Other Mathematical Diversions. 
New York: Simon & Schuster. 1969. 255 pp. 

A collection of 20 essays on recreational mathematics. 



Ghcrsi, I. Matematica Dillettevolc e. Curiosa. Milan: Hocpli, 1963. 776 pp. (A 
reprint of the 4th edition.) 



Goodman, A. W. The Pleasures of Math. New York: Macmillan Co.. 1965. 224 

pp. 

Includes a number of challenging games. 

Graham, L. A. Ingenious Mathematical Problems and Methods. New York: Dover 
Publications, 1959. 237 pp. (Paper) 

Collection of 100 puzzles contributed by scores of mathematicians to an 
industrial magazine over a period of 18 years. 

Graham. L. A. The Surprise Attack in Mathematical Problems. New York: Dover 
Publications, 1967. 125 pp. (Paper) 

Problems dealing with measurement of geometrical spaces, probabilities, 
distances, number systems other than the decimal, interesting number rcla- 
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tions. relative motion, and the discovery of the simplest solution through 
i-orely logical means. 

0 inblatt. M. II. Mathematical Entertainments. New York: Thomas Y. Crowell 
Co., 1965; London: Allen & Unwin, 1968. 160 pp. 

Haber, Philip. Peter Pauper's Puzzles and Posers. Ml. Vernon. N.Y.: Peter 
Pauper Pres*, 1963. 62 pp. 

Hcafford. Philip. The Math Entertainer. London: Hutchinson & Co.; New York: 
Emerson Books. 1959. 176 pp. 

Hcafford, Philip. Mathematics for Fun: A Quiz Book. London: Hutchinson & 
Company, 1957. 176 pp. 

Fifty short quizzes dealing with mathematical miscellania. including his- 
torical material. 



Hcafford, Philip, and Babb, Henry. A New Mathematics for Fun: A Quiz Book. 
London: Hutchinson & Co.. 1966. 180 pp. (Paper) 

Hoffmann, Prof. (A. J. Lewis). Puzzles Old and New. London: F. Warne & Co 

1893. 394 pp. 

Horne, Sylvia. Patterns and Puzzles in Mathematics. Franklin Publications, Inc., 
c/o A. C. Vroman, Inc.. 2085 East Foothill Blvd., Pasadena. California 91109 - 
1968. 

For intermediate grade pupils. 

Hunter, J. A. H. Figurets: More Fun ivith Figures. New York: Oxford University 
Press, 1958. 116 pp. 

Hunter, J. A. H. Fun with Figures. New York: Dover Publications, 1965. 109 pp. 
(Paper) 



Hunter, J. A. II. Hunter's Math Brain Teasers. 
147 pp. (Paper) 



New York: Bantam Books, 1965. 



Hunter, J. A. H. More Fun with Figures. New York: Dover Publications 1966. 
116 pp. (Paper) 

Hunter. J. A. H., and Madachy, Joseph S. Mathematical Diversions. New York* 
D. Van Nostrand Co., 1963. 178 pp. 

Hutton, Charles. Recreations in Mathematics and Natural Philosophy 4 vols 
London, 1803. 



Jacoby. Oswald, and Benson, William H. Mathematics for Pleasure. London* 
Victor Gollancz, 1962; New York: McGraw-Hill Book Co., 1962. 191 pp. 

Johnson, Donovan, and Glenn, William H. Fun with Mathematics. St. Louis, Mo.* 
Webster Publishing Co., 1960. 43 pp. (Pamphlet) 

Kaplan, P. Posers: 80 Delightful Hurdles for Reasonably Agile Minds. New 
York: Harper, 1963. 86 pp. 

Kcmpner, A. J. Paradoxes and Common Sense. New York: D. Van Nostrand Co. 
1959. 22 pp. (Pamphlet) 



O 

ERIC 



CKNKRAL WORKS ON MATHEMATICAL RECREATIONS 



1 07 
lo/ 



Kendall. P. M. H.. and Thomas, C. M. Mathematical Puzzles for the Connoisseur. 
London: Charles Criilin & Co.. 1962. 161 pp. 

Kendall, P. M. H.. and rhomas. C. M. Mathematical Puzzles for the Connoisseur. 
New York: Thomas Y. Crowell Co., 1964. 161 pp. 

More than 100 hrainteasers, interestingly presented. 

Kettlecamp, Larry. Puzzle Patterns. New York: William Morrow & Co., 1963. 
Geometric puzzles, ciphers, anagrams, etc., for children. 

King, lom. The Best 100 Puzzles, Solved and Answered. London: W. Foulsham 
& Co., n.d.; 62 pp. (Paper) 

Klein. Felix, et al. Famous Problems and Other Monographs. New York: Chelsea 
Publishing Co.. 1962. 

Contains a reprint of F. Klein’s classic little book. 

Knott, C. G.. trails. Tom Tit: Scientific Amusements. 1918. 413 pp. (Scarce) 
Langman, Harry. Play Mathematics. New York: Ilafner Publishing Co., 1962. 

216 pp. 

A fresh approach to mathematical recreations. 

Lasker, Edward. Go and Go-Moku. New York: Dover Publications, 1960. 215 pp. 

Lawman, Raymond. Fun With Figures. New York: McGraw-Hill Book Co., 1965. 
245 pp. 

Lehmann, M. B. Neue Mathematische Spiele. 5th ed. Wiesbaden, 1932. 

Lieber, H. G., and Lieber, L. R. Modern Mathematics for T. C. Mils. New York: 
W. W. Norton & Co., 1944 ; London: Allen & Unwin, 1946. 

Lietzmann, Walt her. Lustiges uiul Merkwiirdiges von Zahlen und Formal. Bres- 
lau: F. Flirt, 1922. 8th ed. Gottingen: Vandcnhocck and Rupreclit, 1955. 

Linn, Charles F. Puzzles, Patterns and Pastimes from the World of Mathematics. 
Garden City, N.Y.: Doubleday 8; Co., 1969. 

The Little Puzzle Book. Mt. Vernon, N.Y.: Peter Pauper Press, 1955. 62 pp. 

Litton Industries. More Problematical Recreations. Beverly Hills. Calif.: Litton 
Industries, n.d. 45 pp. (Pamphlet) 

Litton Industries. Problematical Recreations. Beverly Hills. Calif.: Litton Indus- 
tries, n.d. 55 pp. (Pamphlet) 



Longley-Cook. L. H. Work This One Out: A Book of Mathematical Problems. 
London: Ernest Bonn, 1960. 95 pp. 

Over 100 problems and puzzles, many of them new. 

Longley-Cook, L. II. Work This One Out. Greenwich, Conn.: Fawcett Publica- 
tions, 1962. 128 pp. (Paper) 



Lucas, Edouard. Recreations Mathemaliques. 4 vols. Paris: Gauthier- Villars, 
1882-94. New printing, Paris: Blanchard, 1959. 

Maack, Ferdinand. Die heilige Mathesis: Bcitrdge zur Magic des Raumcs und 
der Zahl. Leipzig, 1924. 78 p;,. 



APPENDIX 



1 



nit 

oo 



Madaehy. Joseph S. Mathematics on Vacation. New York: Charles Scribners 
Sons. 1966. 251 pp. 

.Maxwell. L A. fallacies in Mathematics. Cambridge University Press, 1959. 
95 ])]). 

Merrill. Helen. Mathematical Excursions. New York: Dover Publications. 1958. 
145 pp. (Paper) 

Collection of recreational problems, magic squares, short cuts, etc.: for 
high school students. 

Meyer, Jerome S. Fan With Mathematics. New York: Fawcett World Library. 
1957. 176 ]>]>. (Paper) 

Reprint of an earlier edition; suitable for high school pupils. 

Meyer, Jerome, and Hanlon. Stuart. Fan With the A Jew Math. New York: Haw- 
thorn Books. 1967. 120 pp. 

:\ r inl (I c-Kuaekher en. Copenhagen: Politikens Forlag, 1955. 232 pp. (Paper) 
Conventional collection of mathematical recreations. 

0 Beirut*, T. II. Puzzles anil Paradoxes. New York: Oxford University Press 

1965. 238 pp. 

A collection of puzzles in which the solutions form an integral part of the 
text. 

Ogilvy, C. Stanley. Through the Math escape. New York: Oxford University Press, 
1956. 162 pp. 

Miscellaneous topics: algebraic oddities, probability, pi and pi-makers. 
topology, etc. 

Ogilvy. C. Stanley. I omorrotc s Math. New York: Oxford University Pre* 5 ® 196^ 

182 pp. 

Over 150 problems related to topology, probability and combinatorics, game 
theory, etc. 

Pearson, A. Cyril. The Twentieth Century Standard Puzzle Pool:. London: Geo. 
Routlcdge & Sons: New York: E. P. Dutton & Co.. 1907. 571 pp. 

Perelman. Yakov I. Figures for Fan. Moscow: Foreign Language Publishing 
House, 1957: New York: Frederick Ungar Publishing Co. 

1 hillips, Hubert [Caliban]. My Pest Puzzles in Logic and Reasoning. New York: 

Dover Publications, 1961. 107 pp. 

An excellent collection of “logic problems/* almost all original. 

I hillips, Hubert. | Caliban]. My Pest Puzzles in Mathematics. New York: Dover 
Publications. 1961. 107 pp. (Paper) 

Phillips, Hubert: |Caliban]. Problems Omnibus. Vols. 1 and 2. London: Arco 
Publications, 1960, 1962. 

Some 300 problems, mostly new. 

Phillips, Hubert. The Sphinx Problem Pooh. London: Faber & Faber 1934. 
207 pp. 

One hundred intriguing puzzles. 



109 



CKNKItAL WOKKS ON MATHEMATICAL KHCKEATIONS 



Phillips. Hubert. Shove lion, S. I.. and Marshall. G. S. Caliban's Problem Booh: 
Mathematical, Inferential and Cryptographic Puzzles. New York: Dover Pub- 
lications, 1961. 180 pp. (Paper) 

A republication of the well-known book which first appeared in 1933. 

Hansom. William K. Pastimes with String and Paper. North Quincy, Mass.: 
Christopher Publishing Co., 1963. 

Kanucci. Ernest, hour by hour. Boston: Houghton Mifllin Co.. 1968. 60 pp. 

An assortment of recreations using a 4 X 4 network of squares; appropriate 
for secondary school students. 



Keinfeld. Don. and Kice. David. 101 Mathematical Puzzles and How to Solve 
Them. New York: Sterling Publishing Co.. I960: Paperback edition, New 
York: Cornerstone Library. 1960. 123 pp. 

Sacksou. Sidney. A Gamut of Games. New York: Random House. 1969. 224 pp. 

Sainte-Lague, A. Aver des nombres .*/ ties lignes. 3rd ed. Paris: Vuibert. 1946. 
358 pp. 



Sawyer. W. W. Mathematician's Delight. New York: Penguin Books. 1946. 215 pp. 
Not strictly recreational,' hut stimulating and interesting. 

Searne, John. Scarne on Teeho. New York: Crown Publishers. 1955. 256 pp. 
Teeko: a game played on a 5 X 5 hoard. 

Seh-'ol Mathematics Study Group. Puzzle Problems and Games Project: Final 
Report. Studies in Mathematics, vol. 18. S.M.S.C.. 1968. 218 pp. 

Concerned with Nim-type games, polyominoes, symmetry, counting ma- 
chines. games with addition and multiplieatiou tables, geometric puzzles, 
etc. 



Schubert, Hermann. Mathematische Mussestunden. 3d ed. 3 vols. Leipzig: 
Goschen. 1907-09. 12th ed.. rev. and abridged. 1 vol. Berlin: W. de Gruvter, 
1964. 



Schubert. Hermann. Mathematische Mussestunden: Fine Sam ml ting von Geduld- 
spielcn, Kunststiichen and U hterhaltungsaujgaben mathematischer Natur. 
(New edition, edited by Joachim Erlebach). 1967. 263 pp. 



Schubert. Hermann, and hitting, I*. Mathematische Mussestunden. 11th ed. Ber- 
lin: Walter de Gruvter. 1953. 271 pp. 

Conventional collection of mathematical recreations, hut ever popular. 



Srhub. Fred. The Master Booh of Mathematical Recreations. (Trans, by F. 
Gobel: edited by 1. H. OBeirne.) Now York: Dover Publications. 1968. 
430 pp. (Paper) 

A classic: comprehensive and scholarly. 

Seuss, Dr., and Geisel. Theodor Seuss. Pocket Booh of Boners. New York- Pocket 
Books, 1931. 



Seymour. Dale, and Gidley. Richard. Eureka! 1850 Fulton St., Palo Alto. Calif.: 
Creative Publications. 1967, 1968. 128 pp. (Paper) 

A refreshing collection of assorted mathematical puzzles, designs, and 
curiosities. 



190 



APPENDIX 



Simon, William. Mathematical Magic. Now York: Charles Scribner’s Sons 1964. 
187 pp. 

h umbel tricks; calendar tricks; tricks with playing cards and other ordi* 
naiy objects; mental calculation; magic squares; topological tricks. 

Skotte. Kay. and Magnnson, Yngve. Math Fan. Minneapolis. Minn.: The Authors. 
6380 Monroe Street, Minneapolis 21 ; 1959. 88 pp. (Paper) 

Smith, Eugene P. Some puzzlers for thinkers. /Y CTM Twenty-seventh Yearbook 
1963; pp. 211-20. 

A collection of twenty-odd stock pw *zles, with a brief note on magic 
squares. 



Sperling, Walter. Attj dn and du mil Zahlen. Zurich: Albert Muller Verlag. 1955. 
114 pp. 

Number curiosities, number games, and short cuts in computation. 

Sperling, Walter. Spiel and Spass jiirs gauze Jahr. Zurich: Albert Muller Verla<' 
1951. 



Spitzer, Herbert F. Enrichment of Arithmetic. New York: McGraw-Hill Book 
Co., Webster Div., 1964. 576 pp. 

Collection of number games, puzzles and recreations; Grades 1 through 8: 

exercises for exploration and discovery. 

Sprague, R. Unterhaltsame Mathematik: Neue Probleme, Vberraschende 
Losangen. Brunswick: Friedrich Vieweg & Sohn, 1961. 51 pp. (Paper) 

Sprague, R. Recreation in Mathematics. Translated by T. O’Beirne. London: 
Blackie, 1963. 60 pp. (Paper) 

Brief collection of 30 original mathematical puzzles. 

Steinhaus, Hugo. Mathematical Snapshots. New York: Oxford University Press. 
(Third American edition). 1969. 311 pp. 

Steinhaus, Hugo. One Hundred Problems in Elementary Mathematics. New York: 
Basic Books. 1963. 

A collection of 113 unusual brain-crackers, most of them brand new. 

Straszewicz. S. Mathematical Problems and Puzzles from the Polish Mathematical 
Olympiads. New York: Pergamon Press. 1965. 367 pp. 

Summers, George J. Fifty Problems in Deduction. New York: Dover Publications 
1969. (Paper) 



Summers, George . 1 . New Puzzles in Logical Deduction. 
cations, 1968. 121 pp. (Paper) 



New York: Dover Publi- 



Synge. J. L. Science: Sense and Nonsense. London: Cape. 1951. 

lietze, Heinrich. Famous Problems of Mathematics. New York: Graylock Press 

1965. 367 pp. 



Tocquct, Robert. Magic of 
Arithmetical tricks 
prodigies. 



Numbers. New York: Wehman Bros., 1960. 160 pp. 
and short cuts: mental calculation; calculating 



GENERAL WORKS ON MATHEMATICAL RECREATIONS 



191 



Tocquet, Robert . Manic House of Numbers. Now York: Fawcett World Library, 
Premier Books, 1961. (Paper) 

Number tricks, rapid calculation, etc. 

Travers, J. Puzzling Posers. London: Allen & Unwin. 1952. BO pp. 

Trigg. Charles W. Mathematical Quickies. New York: McGraw-Hill Book Co.. 
1967. 210 pp. 

Contains 270 problems, with solutions, ranging from relatively simple to 
definitely sophisticated problems; covers a wide variety of material, in- 
cluding Fibonacci series, Schlegel diagrams, square triangular numbers, 
and other topics: not classified as to content or difficulty. 

Wallace. Carlton. The Treasury of Games and Puzzles. New York: Philosophical 
Library, 1958. 256 pp. 

Webster, D. Brain Boosters. New York: Natural History Press, 1966. 

Wilkens. J. Mathematical Magic/:, or the. Wonders that may be performed by 
Mechanicall Geometry. Reprint of the 1648 edition. London: 1968; 295 pp. 



Williams, W. T.. and Savage. G. H. The Strand Problems Book: A Modern 
Anthology of Perplexities and Tantalizers. London: George Newnes, n.d. 
159 pp. ’ 

One hundred inferential and mathematical problems. 

Wyatt, E. M. Puzzles in Wood. 10th Printing. Milwaukee: Bruce Publishing Co.. 
1956. 

Wyatt, E. M. Wonders in Wood. Milwaukee: Bruce Publishing Co., 1946. 



O 



